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Nomenclature 


GF(q) 

w(x) 

|S| 

d(x,y) 
d(x, S) 
<x,y> 

[n, k, d] 


(q, n, M)R 


A®B 

A®B 

[A\B] 


Sk(q) 

Gk(q) 




Finite field if q is a prime power otherwise 

integer modulo q- 

Galois field with q elements. 

The set of all n-tuples over . 

Weight of the vector x. 

Cardinality of the set S. 

Hamming distance between the vectors x and y 
Distance between the vector x and the set S . 
Inner product of x and y. 

A linear code of length n, dimension k and 
minimum distance d. 

A q-ary code of length n and codewords M 
with covering radius R. 

Direct sura of A and B. 

Amalgamated direct sum of A and B . 

Matrix obtained by deleting columns of the 
matrix B from the matrix A. 

Transpose of the vector x. 

Transpose of the matrix A. 
k-dimensional q-ary Simplex code. 

Generator matrix of a k-dimensional q-ary 
Simplex code. 

k-dimensional q-ary MacDonald code. 
Generator matrix of a k-dimensional q-ary 


MacDonald code. 



Dual of a code C. 


R(C) 

W 

M 

' n ' 

gg(k,d) 

ng(k,d) 

K (n,R) 

SI 

t [n, k] 

l(m, R; q) 

Res (C, c) 

Res (C, w) 
p(i) 

bg(k,d) 


Number of i weight codewords in C. 

Number of i weight codewords in C'*' . 
covering radius of the code C. 

The greatest integer less than or equal to 

X. 

The smallest integer greater than or equal 
to X. 

The combinations of n things taken r at a 

time . 
k-1 

= E 

i=0 

The minimal length of a q-ary linear code of 
dimension k and minimum distance d. 

Minimum cardinality of a q-ary code of 
length n and covering radius R. 

The minimum covering radius of a q-ary linear 
code of length n and dimension k, 

The minimum length of a q-ary code with 
codimension m and covering radius R. 

Residual code of C with respect to the 
codeword c e C. 

Residual code of C with respect to a 
codeword of weight w. 

The set of codewords of a code whose ith 
coordinate is a. 
s n (k+l,d) - n (k,d) . 




I 


(m,n) Greatest common divisor of m and n. 

■ End of a proof. 
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Let Fg be a set of alphabets consisting of q elements. If q is a prime power, we take 
q to be the Galois field GF(q), otherwise Fq is Z,, the set of integers modulo q. A code C 
i a nonempty subset of Fg,n > 1. If C is in addition a subspace of F", then C is called a 
-ary linear code. A linear code of length n, dimension k and minimum distance d is called 
n [n, k, d] q-ary code. If q = 2, the code is called a binary code. 


For a given k and d, let n,(A:,d) = min{n [ there exists an [n,k,d] q-ary code }. 
1 1965, Solomon and Stiffler [14] have shown that 

d' 


k-l 

nq{k,d) > 

j=o 




= gq{k,d) 


'here [x] denotes the smallest integer greater than or equal to x. For binarj' case q = 2, the 
bove inequality was first proved by Griesmer [6] and is popularly know as Griesmer bound, 
.n [nq{k,d),k^d] code is called an optimal code and a \gq{k,d),k,d] code, if it exist, is 
ailed a code meeting the Griesmer bound. 


Another important parameter of a code is its covering radius. The covering radius of 
code C is the least integer R such that spheres of radius R around the codewords cover the 
'hole space. It is denoted by R(C). A code C that has no super code with same minimum 
istance d is characterized by R{C) < d — 1. If the code is used for data compression, the 
overing radius is a measure of the maximum distortion; if for error correction, then R(C) 

I the maximum weight of a correctable random error. Many alternate criterions for the 
Dvering radius are known [2]. I 



A q-ary code of length n with M codewords and covering radius R is called a 
q, n, M)R code. For a given n and R, let Kg{njR) = min{M | there is a (g,n, M)R code }. 
rhe problem of determining the value of the Kq(n, R) is known as the covering problem. For 
1=3 and R = 1, the problem is popularly known as the ’’football pool problem”. 

Determining Kg{n,R), in general is a difficult task. In recent year many researchers 
dz, van Wee [15], Honkala [9], Ostergard [13] etc axe actively working on determining bounds 
or Kq{n^ R). The researchers have introduced different kinds of partitioning properties of 
he codes to improve upon direct sum construction using other sum constructions. The 
-.oncepts of normal and subnormal binary codes were introduced in [5] and [9], respectiveh' 
ind these concepts were later generalized by Lobstein and van Wee [12] to q-ary codes, 
n 1991, Ostergard introduced the concept of seminormal and strongly seminormal code to 
;et further improvement on the upper bound for Kg{n,R) and conjectured that (5, 6. 25)3 
ind (5, 6, 125)2 strongly seminormal codes exist. 

The present dissertation determines: 

1. Better bounds for Kg{n,R). 

2. Bounds on nq{k, d) for k = 3, 4 and some d and ^ 4 ( 5 , d). 

3. Bounds on the covering radius of q-ary Simplex and MacDonald codes. 

Chapter I and Chapter II contains an introduction and a brief survey of known result, 
n Chapter III, we determine a necessary and sufficient conditions for an optimal code to be 
trongly seminormal. Construction of a {q,q + 1,9^)? — 2,9 > 4, strongly seminormal and 
ome other strongly seminormal codes are given. This proves Ostergard’s conjecture and 
dso helps to prove the following theorem. 

Theorem 1. Kg{n +q,R+q-2) < qKq{n, R) for 9 > 4, 

A'’5(n -h 5, i? -b 3) < bKf>{n, R), 

*!■ 10, R -l- 6) ^ QKsln^R'). 


Above theorem improves many upper bounds on Kq{n,R) for q = 3, 5 and some n 
and R. The following result gives another upper bound on Kg{n,R). 

Theorem 2. If there exists a (q,n,M)R seminormal code, then Kq{n-\-q,R-\-q—l) < M. 


A similar theorem (Theorem 2, [10]) with, stronger hypotheses was proved by Honkala. 
However, our proof is much simpler than his proof. 

The following observation gives a lower bound to Kq{n,R) and improves previous 
known lower bounds for some n and R. 

Theorem 3. 


t t 

Kq(Y^ni,Y^Ri + {t- 1)) > nun{Kq{ni^Ri)] for n; > 1 and Q < Ri < n,. 

t=i i=i ‘ 

Using Theorem 3 and a result of Ostergard (Theorem 6, [13]), it is observed that 
A'3(6n, 4n - 1) = 6 for n > 1 and Kq{q, q -2) < Kg{qr, qr - r - 1) < 2q for all r > 1 and 
O' > 2. As a consequence, we get K^if^r^r — 1) = 4; a result of Cohen et al [1]. In case ? > 3 
and R = 5 — 2, the following theorem further improves this bound. 

Theorem 4. If q>Z, then Kq{q,q-2) <2q-\. 

In recent years many researchers have determined n 2 {k,d) for k < 8 and bounds on 
7^2(9, d). But very little is known for q-ary codes in general. It has been shown indepen- 
dently by Dodunekov [3] and Hamada and Tamari [7] that 71,(2, d) = gq[2,d). Necessary 
and sufficient conditions for a q-ary code to meet the Griesmer bound and some elementary 
properties have been obtained by Dodunekov [3] and Hill [8]. In [3], Dodunekov has deter- 
mined 71,(3, d) iox d < q + 2. An attempt to determine n,(/:,d), in general for k = 3 and 4 
is done in Chapter IV. The following theorem gives bound on 71,(3, 2g). | 

Theorem 5. (i) If q is even, then n,(3,2g) = fif,(3,2g) -f 1. 

(ii) If q is odd and 3 fq, then gq{3,2q) -f- 1 < n,(3,2g) < 5,(3, 2g) -1-2. 



It is conjectured that n,(3, 2^^) reaches the lower bound given by Theorem 5. It is 
supported by a result of Hill [8] for q = 5 and 7 and by numerous examples constructed by 
us. The following two theorems determine the value of n,(4, d) for d = q(q — 2) and some 
other values. 

Theorem 6. For g > 4, 71,(4, - 2)) = 5 ,( 4 , q{q - 2)) + 1. 

Theorem 7, (i) If q is odd, then 71,(4, — i) = 3,(4, — i) + 1 for I < i < q — 1. 

(ii) If q is even, then 7i,(4,g^ - *) = -0 + 1 /o’’ Q < i < 2. j 

To obtain a lower bound for ng(k,d), we prove the following theorem. 

Theorem 8. lfng{k,d)>gg{k,d) + t,t>0,then 
nq{k + l,qd — i) > gq(k + l,qd — i) + t,0 < i < q — 1. 

In particular if q =4 and k = 5, we get 

Theorem 9. n 4 ( 5 ,d) > 54 ( 5 , d) + l ford = 3,4,20,187,188,7 < d < 16,23 < d < 

32,35 < d< 64,77 < d < 80,89 < d < 128,145 <d < 176,305 <d < 320. 

The last chapter is devoted to determining the upper and lower bounds for the covering 
radius of q-ary Simplex and MacDonald codes. Let Sk{q) denotes the q-ary k~dimensional 
Simplex code. It is known that R{Sk{2)) — — 1. For q > 2, very little is known about 

R{Sk{q))- In [11], Janwa has posed this as an open problem. It has been independently shown 
by Dodunekov [3] and Janwa [11] that 

( 1 ) ))<?*-■- 1 . 

In [4], Gary has shown that the hound given by (1) is reached for k = 2 and q even. He 
also improves this bound for q = 3 and 4- Lower and upper bounds for i?(5fc(3)),i2(5fc(4)) 
and R(Sk{5)) are also obtained. But these are not good bounds and we further improve upon 
them. The following theorem gives exact value of R[S 2 {q)) for q odd and R(S 3 {q)) for 
even q. 


xii 



Theorem 10. R{S 2 {q)) = 9 - 2 for q odd, 


RiSziq)) = 


9^ — 2 for q even 

9^ — 3 or 9^ — 2 for q odd. 


In case R{Sm{q)) is known for some m, the following theorem gives a better upper 
bound on R{Sk{q)), for k > m. 

Theorem 11. If for some m and q, R(Sm(q)) < — tyt> 1, then 

R{Sk{q)) < q^~^ — for all k > m. 

We also show that i2(iS'4(3)) = 24 and R[S4{4)) = 61. The bound given by (1) is 
further improved 


Theorem 12. (i) R{Skiq)) < 9 ''“^ - 2 , for ^ > 3. 

(ii) R{Sk{q)) < 9 ^'“^ — 3, for fc > 4 and 9 = 3,4. 

= 1) Sk{q) is a cyclic code. Using cyclic code properties, the following 
lower bounds are obtained for particular k and q = 3 and 4- 


Theorem 13. i) If k is odd, then R{Sk{3)) > 3*=“^ - + l)/2. 


ii) If 3 J(k, then 


^( 5 .( 4 )) > 


4^-1 + i)/3 

4^-1 -(2*-i + 2)/3 


k even 
k odd. 


Another important optimal code is the MacDonald code Ck,u{q),u ^ k, which is 
obtained by puncturing the code Su{q) from the code Sk{q) [3]. For q = 2, Garg [4] has 
found the exact covering radius of Ck,u{‘^) for u = 1, 2. For 9 > 2, almost nothing is known 
except the simple upper bound R{Ck,v.{q)) ~ 1- The following theorem gives 

the covering radius of some MacDonald codes. 


Theorem 14. R{C\i{q)) = 9 -^.RiCzM) = 9 ^ - 9 - 1 and R{C3,i{q)) =9^-3. 


An upper bound for R{Ck,u{q)) is given by the following theorem 



- 2 . 


Theorem 15. i) If u> 3, then R{Ck,M) ^ - 9 “"^ 

ii) R{Ck,M) < RiCm.um - 1). 

I 

For particular q, k and u, we show that i?(C'4,3(3)) = 16, ii!(C'4,i(3)) = 24 and 
■^(^'4,2(9)) < 9^ — 9 — 2. Using these and Theorem 15, it is observed that 

Theorem 16. R{CkM) < 9 *“^ - 9 - 2 and R{Ck,i{'i)) < 3^“^ -4fork>4. 

A lower bound for R{Ck,u{q)) is given by the following theorem 

Theorem 17. R{Ck,u{q)) > RiCk,k-i{q)) + R{Ck-iM). 

It is also observed that 

R{Sk(q)) > R{Ck,k-x{q)) + R{Sk.,iq)). 
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Chapter I 
Introduction 


Codes are designed to correct and detect errors while 

sending messages through a noisy communication channel as quickly 

and as reliably as possible. This originated from the classical 

paper of Shannon [52] in 1948. Due to noise, messages may be 

distorted. So the object of a code is to encode the data, by 

adding a certain amount of redundancy to messages, so that the 

original message can be recovered if a limited number of errors 

have occurred. Thus a code is a set of ' sequences, called 

codewords, of elements from a fixed set = -^ a^, of 

q alphabets . For making computations it is desirable that F has 

some algebraic structure. If q is a prime power, we take F to be 

a Galois field otherwise F is taken to be the set of integers 

'*d 

modulo q. If every codeword has same length n, then the code is a 
subset of F^ and is called a block code. A code C containing M 
codewords of length n and minimum distance d ( any two distinct 
codewords differ in at least d coordinates) is called an (n,M,d) 
q-ary code. If in addition C is a k-dimensional subspace of F^ , 
then C is called an [n, k, d] q-ary linear code. 

The spheres of radius [(d-l)/2] around the codewords are 
mutually disjoint. So by using nearest neighbourhood decoding, 
one can correct at most [(d-l)/2] errors. A good code should have 



small n for fast transmission of messages, large k to send wide 
variety of messages and large d to correct more errors . These are 
conflicting goals. A central problem in coding theory is to 
optimize one of the parameters n, k, d for given values of the 
other two. These problems are equivalent [19] . The problem of 
determining n (k, d) , the minimum value of n for given k and d, 
is more natural because the Griesmer bound provides an important 
lower bound on n (k,d). The [n (k,d), k, d] code is called an 
optimal code. In recent years many researchers viz Baumert and 
McEliece [1] , Tilborg [59] , Dodunekov and Manev [16] Hill with 
Greenough [21] and Newton [30] , Bhandari and Garg [5] have 
determined n (k,d) for smaller value of q and k. 

The spheres of radius [ (d-1) /2] around the codewords may not 
cover the whole space . The least nonnegative integer R such that 
spheres of radius R around the codewords cover the whole space is 
called the covering radius of the code. Note that R is the 
maximum number of correctable random errors . Determining covering 
radius of a code is in general a difficult task. During last two 
decades researchers have tried to improve upon the known lower 
and upper bounds for the covering radius and hence determining 
the covering radius of certain codes . 

Another important problem of the coding theory is to 
determine K (n, R) , the minimum number of codewords in a q-ary 
code of length n and covering radius R. It is known as the 
covering problem. If q = 3 and R = 1, this is popularly known as 
the "football pool problem". In recent years Honkala [31], van 
Wee [61] , Ostergard [48] and others have determined lower and 



upper bounds on K (n, R) that are better than earlier knovm 
bounds . 

' The present dissertation aims to determine : 

1. Bounds on K (n,R) . 

2. Bounds on n (k,d) for k = 3 and 4 and some d. 

HI 

3. Covering radius of some optimal codes-the Simplex and the 
MacDonald codes . 

The present dissertation is divided in to 5 Chapters. The 
Chapter II contains a brief survey of definitions and known 
results on optimal codes, covering radius of a code and covering 
codes. Chapter III deals with Problem 1 above. Few strongly 
seminormal codes are constructed. Existence of some of these 
codes was conjectured by Ostergard [47] . These also help in 
getting better upper bounds for K (n,R). A lower bound to K (n,R) 
is obtained by determining a relation between covering radii of 
known codes to the covering radius of their concatenation. It is 
seen that these bounds give 12 improvement in the latest tables 
given by Ostergard [47] and also help in getting exact value of 
K (n,R) for certain n and R. A necessary and sufficient condition 
for an optimal code to be strongly seminormal is given. 

Chapter IV is devoted to determining n (k, d) for some k and 
d. A general lower bound on n (k, d) is obtained. When applied to 
the case q = 4 and k = 5, it gives a lower bound on n^(5, d) that 
are better than the Griesmer bound. Exact value of (5, d) for 
small d are obtained by constructing suitable codes . 

In [19] Garg has determined the covering radius of S 2 (q) for 
q even and has obtained lower and upper bounds of the covering 



radius of a Simplex code Sj^(q) in general. In Chapter V, we 
improve upon the bounds given by him and determine the covering 
I radius of S 2 (q) for q odd and (q) for q even and some other 
ternary and quaternary Simplex codes. A well known example of an 
optimal code is the MacDonald code C, (q) . C, (q) is generated 
‘by the matrix obtained from a generator matrix of Sj^(q) by 
deleting columns corresponding to S^(q) . In [19] Garg has 
determined the covering radius of a binary MacDonald code for k = 
3, 4. In the second part of Chapter V, we determine lower and 

upper bounds for the covering radius of C, (q) in general . Exact 

JC / 11 

covering radius of Cj^ k = 2, 3, C^ ^(3) and C^ 2 ^^^- 



Chapter II 


Preliminaries and Survey 


A nonempty set F with two binary operations 
•opularly called addition and multiplication, is a Field if 
i) (F, +) is an abelian group (ii) (F\-{0}-, .) is an abelian 

froup and (iii) distributive laws hold. If in addition F is a 
iinite set, F is called a finite field. A finite field with q 
jlements exists if and only if q = p"* for some prime number p and 
;or some positive integer m. Moreover any two finite fields are 
.somorphic if and only if they have same number of elements . A 
finite field with q elements is called the Galois field and is 
ienoted by GF(q) . 

Let F be an alphabet consisting of q elements. If q is a 

prime power, F is taken as the Galois field GF(q); otherwise F 

= Z , the set of integers modulo q. Throughout this present 

iissertation = ■{ =0, ~ ' “cr ^ 

(x^,X 2 , •••, x^) 1 x^ 6 Fg If Fg is a field, then F^ is an 

n-dimensional vector space over F . A code C is a nonempty 

HI 

subset of F^. The elements of C are called codewords and n, the 

q 

length of any codeword is called the length of C. For x, y e F^ 
the weight of x, denoted by w{x), is the number of non-zero 
coordinates of x and the distance between x and y, denoted by 


=5 



,y) , is the number of coordinate positions in which x and y 
fer. d(x,y) = w(x-y) is a metric on and is known as Hamming 
tance. A subspace of with Hamming distance is called a 
mlng space. The minimum distance d of a code C is the smallest 
the distances between any two distinct codewords. 

A code C of length n with M codewords and minimum distance d 
r F is called an (n, M, d) q-ary code. If q is a prime power 
. in addition C is subspace of , then C is called a linear 
.e, A linear code of length n, dimension k and minimum distance 
iver F is called an [n, k, d] (or simply an [n, k] , if we do 

wish to specify d ) code . In linear codes , the minimum 
tance is the minimum weight of a nonzero codeword. A linear 
.e C of dimension k contains q codewords and can be described 
either (i) giving a basis for it or (ii) giving an (n-k)xn 
rix H whose solution space is C. The matrix H is called a 
■ity check matrix of C and a k x n matrix G whose rows from a 
:is for C is called a generator matrix. Since the rank of H 
n - k, C contains a codeword of weight n - k + 1 and hence 

1) d:sn-k + l 

ire d is the minimum distance of C. 

The bound given by (2.1) is known as the singleton bound. If 
= n - k + 1, then C is called a Maximum Distance Separable 
)S) code. A code is a subcode ( Super code ) of C if e c 

2 C) . If no proper super code of a given code C with same 
limum distance exists, then C is called a maximal code. 


Two (n, M, d) codes C and D are said to be equivalent if one 


can be obtained from the other by applying finitely many 
operations of the type: 


i) permutation of coordinates, 

ii) adding a fixed vector to each codeword, 

iii) multiplying one or more coordinates by nonzero elements 
of F . 

q 

Let X, y 6 . The inner product of x and y, denoted by 

<x,y>, is . If C is a q-ary code of length n, the code 

C'*' = ■{ x 6 F^ 1 <x,c> = 0 for all c e C }- is called the dual 
code of C. If C is an [n, k] code, then C'‘‘ is an [n, n-k] code. 
Moreover G is a generator matrix for C if and only if G is a 
parity check matrix of . For basic results on codes we refer 
to [43] . 

Let F be a finite field. For a given k and q, let G, (q) be 
k 

akx (q - l)/(q - 1) matrix over in which any two columns are 
linearly independent. The code generated by the matrix Gj^(q) is 
called a Simplex code and is denoted by Sj^ (q) . S]^(q) is ^ 
[(q -l)/(q-l), k, q ] q-ary code. Any code with these 
parameters is equivalent to Simplex code [19]. Thus Gj^Cq) can be 
defined inductively by 


G2(q) 


0 111 

1 0 1 


1 



and 


(2.2) Gj^(q) = 

I 

k- 1 

In Sj^(q) every nonzero codeword has weight q . The dual of the 

k k 

simplex code is the well known [ (q -l)/(q-l), (q -1) / (q-l) -k, 3] 
q-ary Hamming code. 

A nice way to construct a new code ■ from a given code is by 
puncturing or appending one or more coordinates. For 1 ^ u k-1, 
let ^(q) be the matrix obtained from Gj^(q) by deleting columns 
corresponding to the columns of G^(q) • That is. 


0 ... 0 

1 

1 ... 1 

“3 ■ ■ '“3 


a ... a 

q q 


0 

0 

Gk-l(9) 

°k-l <'3> 

. . . 

Gk_l{q) 




Sv (q> \ 


0 




where Q is a (k-u) x (q'^-l) / (q-l) zero matrix and [A\B] denotes the 

matrix obtained from the matrix A by deleting the columns of the 

matrix B. The code C, „ (q) generated by G, ,, (q) is the punctured 

code of Sj^(q) and is called a MacDonald code. Binary case of it 

was first introduced by MacDonald [41]. However for q a 3, these 

codes were employed [49] to solve a classical combinatorial 

problem. C, (q) is a [ (q^-q^) / (q-l) , k, q^ ^-q^ ^] q-ary linear 

iC ^ u. 

k“l 

code in which every non- zero codeword has weight either q or 

k-1 u-1 

q - q . 


Direct sum of two codes and denoted by is the 

code 
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® ^2 " (x,y) I X e and y e C 2 }■. 

If and are linear codes with generator matrices and G 2 , 
respectively and dim a dim C^, then the code C generated by 
the matrix 



is called the concatenation of and ■ 

For each i, let and be the number of codewords of 
weight i in C and C"*", respectively. The sequence is 

called the weight distribution of C. In 19G3, MacWilliams [42] 
has given a set of equations relating the weight distribution of 
a code C and C"*" . These are called the MacWilliams identities. 
These can be put in the following form [50] . 


(2.3) 




for t = 0 , 1, . . . , n 


2*1 Optimal Codes- 


For a given k and d, let n (k, d) = min-| n I there exists an 
[n, k, d] q-ary code }■ . In 1960, Griesmer [22] gave a lower bound 
for n 2 (k, d) . Later Solomon and Stiffler [53] generalized it to 
the q-ary case and is given by 
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(2.4) 


gq(k, d) 


k-1 

natk, d) s E r d/q^ T = 

^ i=o 


where fx"] denotes the least integer greater than or equal to x. 
The bound (2.4) is known as the Griesmer bound. The [n (k,d),k,d] 
q-ary code is said to be an optimal code. A [g (k,d), k, d] code, 
if it exists, is called a code meeting the Griesmer bound. Well 
known examples of codes that meet the Griesmer bound are the 
Simplex code and the MacDonald code. A large class of codes that 
meet the Griesmer bound are obtained by certain puncturing of 
concatenation of two or more copies of a Simplex code. Such codes 
are called of BV type [29] . A necessary and sufficient condition 
for the existence of a code of BV type is given by the following 
proposition 


Proposition 2.1 [30]. 


For given 



q, k and d, 


P u. -1 

- E q 

i=l 


write 


where s 


k-1 


= fd/q ] , k > u^ s u. 


. . . 2 : u 2 : 1, and atmost q-1 

ir 

u^'s take any given value. Then there exists a [gg(k,d) ,k,d] code 

min{s+l,p} 

of type BV if and only if ^ u. ;£ sk . 

i=l ^ 

A similar result was also obtained by Dodunekov [14] . The 
binary version of it was first proved by Belov [2] in 1972. 


Determining n (k,d) in general is a difficult task. In recent 
M. 

years, Baumert and McEliece [1] , Tilborg [59] , Dodunekov and 
Manev [16] and many others have worked on determining (k, d) 
for small values k. By Proposition 2.1, n^ (k, d) = g 2 (k, d) for k 
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iv) If Aj >0, then 0 for i > qn- (g-i)d - j and i ^ j . 

If C is a binary [n,k,d] code which meets the Griesmer bound 
• k "* 1 

and iif d — 2 , then MacWilliams and Sloane [43] have shown that 

any generator matrix of C has no repeated columns, that is B = 

2 

0. In 1992, Hill and Newton have given the following improvement 
that holds for q-ary codes. 

Proposition 2.5 [30]. Suppose C is an [n, k, d] q-ary code which 
meets the Griesmer bound and suppose j is a positive integer such 
that d £ Then B ^ = 0 . 

An updated detailed information of bounds on n„(8, d) can be 

A 

obtained from the table of Verhoeff [60] . It is observed that for 

k s 8 and d > 2 , n^ (k, d) = g 2 (k,d). However this is not true 

for k s 9. In [40] Logachev has shown that a binary [g (9,336) , 

2 

9, 336] code does not exist. 

It was shown independently by Hamada and Tamari [26] and 

Dodunekov [14] that the bound given by (2.4) is reached for any 

q-ary linear code of dimension 2. In recent years Hamada [23] in 

cooperation with Deza [24] , Helleseth [25] and Tamari [26] , have 

characterized many values of d for which n (k,d) = g (k,d), k £ 3 

tj q 

by relating the problem to that of characterizing min. Hypers in 
a finite projective geometry. The following three propositions 
summarize results on n (k, d) . 

Proposition 2.6 [14]. If 3 s q < k and 2q^ < d s q^"^^ for 0 s i s 
k - q, then d) > gg(k, d) . 

Proposition 2.7 [14]. Let q|d. If n (k, d) = g (k, d) , then 

M q 

nq(k, d - a) = gg(k, d - a) for all 1 s a ^ q - i. Conversely if 


12 



n (k, d-a) > g (k, d-a) for some 1 s a s q - 1, then n {k,d-b) > 

'"d ^ 

gq(k, d-b) for all 0 s b s a. 

Proposition 2.8 fl41. If q is even and q a 4, then n (3, d) = 

g 

9^(3, d) for all d :s q + 2 . If q is odd, then 


nq(3, d) 


gq(3fd) for d < q and d = q + 1 

gq(3,d) + 1 for d = q. 


In C303, Hill and Newton have determined n^Ojd), 0^(4, d) for 

all d and 02 ( 5 , d), for all but 30 values of d. The values of 

/ 

0^(5, d) for remaining values of d have now all been found (by nine 

authors of 10 different papers) C<b43, [1653, C663 , C673 and C6a3. 

Values of n^(4,d) for all d liave been obtained by Bhandari and 
« 

Garg C53 and Greenough and Hill CH13. 

''For showing nonexistence of certain codes, Tilborg 
introduced the concept of binary residual code 159] . Dodunekov 
further extended it to q-ary codes. 

Definition 2.1 [14]. Let G be a generator matrix of a linear 
tn, k, d] code C over and let c e C. Let be the matrix 
obtained from G by deleting those columns where c has a nonzero 
entry. The code generated by is called the residual code of C 
with respect to the codeword c and is denoted by Res(C,c) . 

If only weight w of c is relevant, we usually write Rea(C,w) 
for Res(C,c) . The following proposition describes the parameters 
of a residual code. 

Proposition 2.9 [14]. Suppose C is an [n, k, d] code over GF (q) 
and let c be a codeword of weight w. If d>w(q-l)/q, then Res{C,c) 
is an [n - w, k - 1, d^] code where d^ 2 : d - w + f w/q"] . 
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Using above proposition Bhandari and Garg have observed the 
following. 

Proposition 2.10 [5]. If C is an [n, k, d] q-ary 'code having a 
vector of weight w, w < d + [" w/g "j , then w s n - k + 1. 

For q = 4, they proved the following 

Proposition 2.11 [5]. If k s 4 and d e -{ 4^”^ - 1, 4^"^, 2.4^"^ - 
5, 2.4^“^- 4, 3.4^'^- 5, 3.4^'^- 4 then n^(k, d) > g 4 (k, d) . 

2-2 The Covering Radius- 


Let C be an (n, M, d) q-ary code. Then spheres of radius 
L(d-l)/2j around codewords are disjoint, but they need not cover 
the whole space . The smallest integer R such that spheres of 
radius R around codewords cover the whole space is called the 
covering radius of the code and is denoted by R{C) . Many 
equivalent criteria for the covering radius of linear codes are 
known [11] . For example, the covering radius of a linear code is: 

1. the weight of a maximum weight coset leader 

2. the least integer R such that any (n - k) -tuple..' over GF(q) 
(called syndrome) is a linear combination of some R or fewer 
columns of any parity check matrix of the code . 

The covering radius is a basic geometric parameter of a code. It 
is a measure of the quality of a code C, that is, maximal codes 
are characterized by the condition R(C) s d(C) - 1. If the code C 
is used for data compression or source coding (redundancy in the 
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encoder input sequence is reduced or removed) the covering radius 
is a measure of the maximum distortion; if for error correction, 
R(C) is the maximum weight of a correctable random error. 

Determining covering radius of a given code, in general, is 
difficult. One of the simple upper bounds on the covering radius 
of an [n,k,d] q-ary code C is the redundancy bound: 

(2.6) R(C) s n - k. 

If p is the least positive integer for which 

P 

(2.7) e[ i ] (q - 1)"" ^ 

i=0 

then R(C) a p. This bound is known as the sphere covering bound. 
Since spheres of radius L(d-l)/2j around codewords are disjoint, 
R(C) a [_(d-l)/2j. Here [xj is the greatest integer which is less 
than or equal to x. If R(C) = [(d-l)/2j, then the code C is 

called a perfect code. 

A lower bound for the covering radius of an [n, k] q-ary 

code is t [n,k] , the minimal covering radius of any [n, k] code. 

q 

This was first defined by Cohen, Karpovsky, Mattson and Schatz 

[11] for q = 2. Obviously t [n,k] & p, where p is given by (2.7). 

In [2 0] , Graham and Sloane have given a table of bounds on 
t 2 [n,k] for 1 £ k n 5 64. For certain n and k, Calderbank and 
Sloane [9] have determined the exact value of [n,k] . 

The following proposition describes the effect of puncturing 
or appending a code on its covering radius 
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Proposition 2.12 [11]. Appending an overall parity check or the 
zero parity check to the generator matrix of a given code 
increases the covering radius by one. On the other hand 
puncturing a code on p coordinates reduces the covering radius by 
atmost p . 

Above proposition is also true for non-linear codes. 

If Cq and are binary codes generated by matrices and 
G^, respectively and if C is the code generated by the matrix 


0 



A 


then Mattson [45] has shown that 


(2.8) R{C) s R(Cq) + R(C^) 

and the covering radius of D, concatenation of and satisfy 
the following inequality 

(2.9) R(D) i R(Cq) + R(C^) 

The inequalities (2.8) and (2.9) also hold for q-ary codes, the 
proof is similar to that for binary codes . 

The best known upper bound on the covering radius of an 
[n,k,d] code is given by Janwa [35], 

Proposition 2,13 [35]. Let C be an [n, k, d] code, then 
k 

R(C) s n - Y. * 

i=l ^ 

Jc 

If the code meets the Griesmer bound, then R(C) s d - fd/q . 
For binary codes this inequality was first proved by Busschbach, 
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Gerretzen and Tilborg [7] . Later this was extended by Janwa [35] 
to any optimal code. Using this bound, Janwa showed that the 
covering radius of the q-ary repetition code of length n is 
atmost Ln(q-l)/qJ. The following Lemma shows that we have the 
equality. 

Lemma 2.1. The covering radius of an [n,l,n] q-ary repetition 
code C is [_n(q-l)/qj. 

Proof . Let C = -| a. ] aeF^}-, where a = (a, a, ,a), t = fn/q] 

and let 

< — t — > < — t — > < — t > < t > <-n-(q-l)t-> 

X = 0 0 ■ ■ ■ Oil ■ • • 1 a- • a . ■ • • a . ■ a 

-3 j j C5"*l 1 ^ ^ Q 

Then d(x,C) = min-j n - f’^/q] , (q-1) fn/q] f = n - fn/q]. So R(C) & 

Ln(q-l) /qj .■ 

Using Proposition 2.13, Janwa proved that covering radius of 

a k-dimensional q-ary Simplex code S (q) is less than or equal to 
k-1 

q - 1 , The same bound have been given independently by 

Dodunekov [14] and Garg [19] . 

Let b (k, d) = n (k+1, d) - n (k, d) . In [19] Garg has given 
Si M H, 

the following better upper bound for the covering radius of an 
optimal code . 

Proposition 2.14 [19], The covering radius of an [n (k, d) , k, d] 
code is atmost d - (k, d) , Moreover if b (k, d) = 1, then there 
is an [n (k, d) , k, d] code with covering radius d - 1. 


By making use of above proposition, Garg has determined the 
exact covering radius of a 2 -dimensional q-ary Simplex code for q 



even and an upper bound for q odd. 


Proposition 2.15 [19]. i) If q is even, then R(S„(q)) = q - 1. 

A 

ii) If q is odd, then R{S 2 (q)) s q - 2. 
Let tj^(q) be the maximum number of (-1) 's in any codeword of 

I- 

Sj^(q) and let 1 denotes the all one vector of length n = 

~1) / {^3“!) . Then w(i+Sj^(q) ) , the weight of the coset leader in 

1 + Sj^(q) is n - t^(q) and hence R(Sj^(q)) 2 : n - tj^(q) [ 19 ]. If 

for some positive integer there exists a vector a = 

(a^,a 2 , • • • ,a^) e Sj^(q) of weight n with w(a+Sj^(q)) = R(Sj^(q)), 

0 0 ■’'"o 

then Garg [19] has shown that 

k-k 

(2.10) R(Sj^(q) ) 2 : n - q °tj^(q) 

for all k a k^ where tj^(q) is the maximum number of (-1) 's in any 

codeword of a code equivalent to S, (q) . Using (2.10) and 

Proposition 2.14, Garg obtained the following bounds for 

R(Sj^(3)), R(Sj^(4)) and R(Sj^(5) ) . 

Proposition 2.16 [19]. 

i) 3^"^- (3^"^+ l)/2 £ R(Sj^(3)) s 3 ^"^- 2 for k 2 : 3 . 

ii) 4^"^- (2. 4^"^+ l)/3 S R(Sj^(4)) S 4^"^- 2 for k 2 : 3 . 

iii) R(Sj^(5)) a (3.5^“^- 2.5^"^- 1) /4 

For binary codes that meet the Griesmer bound, Garg has 
given the following lower bound on its covering radius. 

Proposition 2.17 [19]. If C is a binary [g 2 (k,d), k, d] code with 
d 5 2 ^'^, then R(C) 2 : g 2 (k,d) - 2^'^. 
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2-3 The Covering Codes- 


Let C be a (q, n, M) R code of length n with M codewords and 
covering radius R over . Let Kg{n, R) = min M | there is a 
(q, n, M) R code }■ . The general problem of determining the values 
of the function K (n, R) is known as the covering problem. For q 

T. 

= 3 and R = 1, this problem is popularly known as the ’football 
pool problem’ . 

Determining Kg(n,R) in general is difficult. One of the 

simple lower bound on K (n, R) , is the well known sphere covering 

H. 

bound 

(2.11) Kg(n, R) 2: q i ] 

In most cases, the sphere covering bound seems to be far from 
accurate. Therefore, finding significant improvements on the 
sphere covering bound has turned out to be a challenging problem. 
In [31] , Honkala and in [61] , van Wee have independently 
determined better lower bounds on K {n,R) by using the concept of 
Excess on a subset of the whole space by the code C. 


In recent years researchers have improved the upper bound on 
K (n, R) by constructing good covering codes. Quite often the 

q 

amalgamated direct sum of two codes that have certain 
partitioning properties is a good covering code. Normal and 
subnormal codes are examples of such codes [39] . Binary version^ 
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of these codes were introduced by Graham et al [20] and Honkala 
[31] . 


Definition 2.2 


n and 0 £ 6 F , 

q 


[39 ] . Let C be a (q,n,M)R code. For i = 1, 2,- 


= ”Jpn ^ E d(x, c'^>) I- 
q aeF 

q 

with the convention that d(x, = n; is called the norm of 

C with respect to coordinate i. If for some i, :sqR + q-i, 

then C is said to be normal, and the coordinate i is called 
acceptable. 

In 1991, Honkala [32] has introduced the concept of a 
(k, t) -subnormal covering code . 

Definition 2.3 [32]. A (q, n, M)R code C has . (k, t) -subnorm S if 
there is a partition of C such that for all x with R - t 

i d(x, C) s R, 


min 

i 


-{ d(x,C^) }• 


max 

i 


•{ d(x,C^) 


\ ^ S 


Such a partition is called acceptable. If S = 2R + 1, then C is 
called (k, t) -subnormal . 

Using this concept, he proved the following. 

Proposition 2.18 [32]. If there is a (q, q- 2 ) -subnormal (q,n,M)R 
code, then there exists a (q,n+q,M) R+q-1 code. 

In 1991, Ostergard introduced the concepts of seminormal and 
strongly seminormal codes to get further improvements on upper 
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bounds for Kg(n,R). 

Definition 2.4 [47]. A (q, n, M)R code C is said to be seminormal 

if there exists a partition of C into q subsets C , a e F such 

a q 

that for all x e , with d(x, C) = R, 

(2.12) c<”Tf -f 1- * R + 1. 

If (2.12) is true for all x e , then C is said to be strongly 

H, 

serainormal. The partition ■{ is called acceptable. 

Let A be a (q, n^, M^)R^ code and let B be a (q, 1M2)R2 

strongly seminormal code with an acceptable partition . 

a. aeFg 

For each a e F , let A = ■{ c 1 (c,a) e A }•. If A (}> for all a 

^3 ® tX 

e F let C = -{ (u,v) 1 u e A , V 6 B k Then C = U is 

4 « “ “ cceF “ 

q 

called an amalgamated direct sum (ADS) of A and B with parameters 

(q, n +n--l, J] |A ||B I) and is denoted by A ® B . 

^ ^ asF “ “ 

q 

The above definition of ADS generalizes the original 

definition of [12] to the case where one code is partitioned not 
by values of codewords at a coordinate place but arbitrarily into 
q cells. 

• 

Since U A is the punctured code of A, R(A©B) a R. + R., - 1. 
„ 0£ ■ i z 

aeF 

q 

The following proposition of Ostergard gives an upper bound for 

■ 

the covering radius of A©B in case B is strongly seminormal. 

Proposition 2.19 [47], Let A be a (q, n^, M^)R^ code with A^ = 
■| c I (c,a) e A 0 for all a e F^ . If B is a (q, n 2 , M 2 )R 2 
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trongly seminormal code with acceptable partition, 

hen the covering radius of AeB is ^at most R + R 

X A 

The following proposition of Ostergard gives an upper bound 

D Kg(n,R) . 

roposition 2.20 [47]. For 0 s p i q - 2, Kg(qr-p, qr-r-p-1) s 

(p+2) . 

For linear codes, finding Kg(n, R) is same as determining 

.le minimum dimension k such that an [n, k] code with covering 

adius R exist . This problem is equivalent to the problem of 

etermining l(m,R;q), the minimum length n such that an [n, n-m] R 

-ary code exists. This function was first introduced by Bruaidi, 

Less and Wilson [6]. They showed that 1 (km, r; q) 
k k 

j -1) / (q-1) . 1 (m, r; q ) and gave a table of bounds for l(m,r;2) 
-th 1 £ i n 5 12. Struik [57] and Calderbank and Sloans [9] 
ive given bounds on l(m,r;2). Almost nothing is known about 
ary case. 

Let q , q.,, ••• , q and n^ , n^ , ••• , n^ be given. Let n = 

^ i 

+ n_ + •■• + n and let H = { u = (u , u., , • • ■ , u ) [ u.e F , i 

2 m ' i m ' 1 q^ 

1, 2, m|-. Since each u^ is an n^^-tuple, u is an n- tuple. 

m a 2 and if there are indices i, j :£ m such that q^^ 5* q^ , the 

called a proper mixed space and a nonempty subset C of 

a mixed code. A mixed code C with covering radius R 

(qi, ^2''”' %' ""l' Further, 

(n^,n 2 , ■ ■■ ,n^;R) = min-{ M ] there is. a 

m 
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irongly seminormal code with {B^^aeF acceptable partition, 

‘g 

len the covering radius of A®B is at most R^+ . 

The following proposition of Ostergard gives an upper bound 
> K {n,R) . 

q 

•oposition 2.20 [47], For 0 s p :< q - 2, K^(qr-p, qr-r-p-L) £ 

p+2) . 

For linear codes, finding K (n, R) is same as determining 

.e minimum dimension k such that an [n, k] code with covering 

dius R exist . This problem is equivalent to the problem of 

termining l(m,R;q), the minimum length n such that an [n> n-mlR 

ary code exists. This function was first introduced by Brualdi, 

ess and Wilson [6]. They showed that l(km, r; q) £ 
k k 

-l)/(q-l).l(m, r; q ) and gave a table of bounds for l(m,r;2) 
th 1 ^ f ^ n £ 12 . Struik [57] and Calderbank and Sloans [S] 
ve given bounds on l(m,r;2). Almost nothing is known abcut 
ary case . 

Let q^, q.,, , q^ and n^ , n^, ••• , be given. Let n = 

+ n- + • • • + n„ and let H = \ u = {u ,u„,---,u ) | u.e F i 
2 m ‘ 1 ^ m ' L q^ 

1, 2, m}-. Since each u^ is an n^-tuple, u is an n-tupie. 

m a 2 and if there are indices i, j ^ m such that q. q . , the 

X J 

ace H is called a proper mixed space and a nonempty subset C of 

is called a mixed code. A mixed code C with covering radius R 

called a (q., , ■ ' ’ < qj^; ^2'"’' further, 

„ ^{n, ,n,, •••,n^;R) = min-j M 1 there is. a 

]_ < q2 ' ’ ■ “ ' q^ji ^ ^ m 
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’ * '^in'^1'^2' ’ ” code [■. The upper and lower bounds 
on mixed coverino codes have been studied in [27, 38, 48, 62] If 

= ^32 ^ ^m ~ code is a (q, n, M) R code. 
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Chapter III 


Covering Codes 


In [47] Ostergard conjectured the existence of (5, 6, 25)3 
and (5, 6, 125)2 strongly seminorraal codes. In this Chapter, we 
construct a family of strongly seminormal and some other strongly 
seminormal codes that including the above codes. Better lower and 
upper bounds on K (n,R) are also obtained. These give many 
improvements in the tables of [47] . Throughout this Chapter = 

^ “l = 0, “3 ' ■■■ ' “q ^ 

3-1 Strongly Seminormal Codes- 


Let q be a prime power and let S 2 (q) be the 2 -dimensional 
q-ary Simplex code. Let A be a [q, 2, q - 1] q-ary linear cede 
generated by the matrix 

1 1 1 ••• 1 

0 1 a3--- _ 

Then A is a punctured code of S 2 (q) ■ 


(3.1) 
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Theorem 3.1. The covering radius of A is q - 2 . 

Proof . By Proposition 2.8, n (3, q-i) = q + i and hence b (2,q-l) 

4 q 

= 1. Therefore by Proposition 2.14, there exists a [q, 2, q - 1] 
code C with covering radius q “ 2. Since the code C meets the 
Griesmer bound, = 0 . The MacWilliams identities (2.3) for Bq 

and give 

"^g-l " Aq - q' - 1 

\-l ^ \ = q(q-l) 

Solving these equations one gets A = q(q - 1) and A = q - 1. 
without loss of generality it can be assumed that C has a 
generator matrix G whose first row is the all one vector. Since 
the minimum distance of C is q - 1, the second row of G must have 
distinct coordinates . Therefore G is equivalent to the matrix G, . 
Since equivalent codes have same covering radius, R(A) = q - 2.m 


Let A be the [q+1, 2, q-l]q-2 code defined above. Then there 


exists y = (y^/y, , ■■■ ,y„) e such that d(y. A) = q - 2. So S 

= -I c 6 A I d(y, c) = q - 2 }■ 5* ({). Let C be the [q, 3, q-2] MDS 

r ®A 1 

code generated by the matrix 1 y. 1 . The MacWilliams identities 

(2.3) give A - = (q-1) q(q-l) /2 , Hence |S| = q(q-l)/2. Therefore 

for any two coordinate positions i and j , there exists c e S such 
that = y^ and = yj * Since the strength of the code A is 
two, that is, any two coordinate positions of A have all ordered 

pairs appearing equal number of times, such a c is unique and is 

denoted by c(i,j) . 

(1) _ } ^ - (r< n ... r- \ e A 1 c^ = a For 


Let A 


a 


i c = (c:^,C 2 / /C ) 
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as a qxq array 


convenience, we can write the elements of 


a 

a ... a 

a 


• 

B 

• 

a 

a 




It is observed that every codeword of A that is not a multiple of 
all one vector has distinct coordinates. Hence every row and 
column of has distinct entries. For each i s -{l, 2, 

q-1 

let A = -I G{i,j) I i < j £ q then [A | = q - i, S = U A 

^i ^i i=l ^i 

and A c A^^^ . 

Using the above said notations, we prove the following two 
Lemmas . 


Lemma 3.1. If i, j and m are distinct positive integers, then 


K n A = 
( 1 ) 


ii) A ri i > 1. 


iii) |Ay_fi A^ ^ I = 0 or 1 for a 6 Fg\^ y^|-. 

iv) For i > 1, if c(i,j) e A^^^pS , then c(i,ra), c(m,i), 
c(m, j) , c(j,m) « S. 


Proof, i) Suppose c e A,, H A„ . Then there exist integers r > i 

Yi Yj 

and s > j with Cj^ = y^^ for k = i, j, r and s. Therefore d{c, y) :s 

q-1 

q - 3 and hence c i S = U A , a contradiction. Thus A n " t’ 

i=l ^i ' ^i 


for i * 3 . 


ii) If c e Ay_n 


for some i > 1, then there is an integer j 


( 1 ) 


> i such that c^ = yj^ for k = i and j. Since c e A^ , d(c, y) :s 
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q - 3, a contradiction. Hence A p = (jj for i > i. 

y T y T 


1 

( 1 ) 


iii) If i - L, then H =0 for a 5 *= y. as A £ A^^^ 

^ y-i Yn " 

( 1 ) ^ 
Suppose |A n I 2: 2 for some i > i and a e F X-jy, k Without 

•^1 Q 1 


loss 


s of generality, let |A p A^^^ | = 2 and let u, v e a n . 

Y J Ol \r II pf 


( 1 ) 


y^'" a 


Then there exist integers r > i and s > i with u, = y, for k = i, 


r, = y^ for m = i, s. Therefore 


m 


m 


appears twice in the 


(i-l)th column of , where is defined by (3.2), a 

contradiction. Hence |A p A^^^ | = 0 or 1 for all i and a ^ y, . 

Yi 1 

iv) Let c = c(i,j) e S. If u = c(i,m) e A^^^n S, then u, = 

y^ and = y^ • Therefore d(c,u) :s q - 2 . Since minimum distance 
of A is q - 1, c = u and hence d(c, y) ^sq- 3. So eg S, a 

contradiction. Hence c(i,m) ^ S. Similarly c(ra,i), c(j,m) 

and c(m,j) A^^^p S. 


( 1 ) 


Lemma 3.2. If q be even and d(y. A) = q - 2, then d(y,A^'"') = q-2 
for all a e F 

q 

Proof. Let a e F and let y e F*^ with d(y. A) = q - 2. Since 
q q J -a. 

A £ A^^^ , S n (|). Therefore d(y, = q - 2. Let S = 

Yi Yl Yl Yi i 

S\A , then I S- I = (q-1) (q-2)/2. If c(i,j) e S p for some i 

y^ 1 X a 

and j, then by Lemma 3.1 (iv) , c(i,m), c(m,i), c(j,m) and c (m, j ) 


55 S^ fl A^^^ for all m distinct from i and j. Hence | S^ pl | 


( 1 ) 


(q-l)/2. Since q is even, |S^ fl A^^^ | s (q~2)/2. So S^ intersects 
A^^^ nontrivially for at least q-1 distinct ^'s, different from 
y^ and hence d(y, A^^^ ) = q - 2. for all ^ = 1 ^ y^ .■ 

Let A^^^ be as defined by (3.2) above and let C = U ^ C , 
a - q 
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where = ■{ (a,c) [ c e }-. Then C is a [q+1, 2, q - 1] q-ary 

linear code generated by the matrix 


(3.3) 


G 


1111 . , . 1 

0 0 1 o£^ . . .a 


Its covering radius is given by the following theorem. 


Theorem 3.2. Let q be even and let C be the code defined above, 
then R(C) = q - 2. 

Proof. Let A be the code generated by the matrix (3.1) and let x 

e Then x = (a,y) , a e F and y e F^ . By Theorem 3.1, 

d(y,A) :£ q - 2 . If d(y,A) ^ q - 3, then d(x,C) q - 2 . If d(y,A) 

( 1 ) 

= q - 2, then by Lemma 3.2, d(y, A^ ) = q - 2 for all (3 e . 
Therefore d(x, C^) = q - 2 and d(x, C^) = q -■ 1 for ^ * a. Hence 

R(C) = q - 2.B 

Theorem 3.3. Let C be the code generated by the matrix G in 
(3.3). If q is odd, then R(C) = q - 24°'*' 

Proof. Let q be odd. By (2.6), R(C) £ q - 1. Since G does not 
contain a zero column, B^ = 0. The MacWilliams identities (2.3) 
give 


\-l ""q Vl = ^ 


2A . + 

q-1 


Therefore A _ = A , . 

q-1 q+1 

is : 




= (q+1) (q-1) 

= q - 1. Hence the weight distribution of C 


SL 


K - 1, = q - 1. = Iq Vi • q - 


q-1 
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If R(C) - q - 1, then there is a x e such that d(x,C) = q-l. 

Since C is a linear code, we can choose x of weight q-l. The 
matrix 


111 

1 • ■ 

■ 1 


u 

0 0 1 

“3 • • 

• a 

q 

= 

V 

Xi x^ 

^3 • ■ 

* 3C , 

q+1 


X 



_i 


* 


generates a [q+1, 3, q-l] code D. Let and be the weight 

distributions of D and D'*', respectively. Since D meets the 
Griesmer bound, by Proposition 2.5, = 0 for i = i, 2, 3. The 

MacWilliams identities (2.3) for B^ for 1 s i s 3 give 

'"q-l * ^4+1 = '3"- 1 

^*q-l '^q ■ 

= (q-l) q(q+l)/2 

Solving these equations, one gets 

a; = 1, A^_^ = q(q2- l)/2, A^ = q^- l and A^^^ = (q - l)2q/2. 

Let y^ = + V, 1 s i :s q , and yq^-j_ = then clearly no 

y^ is a scalar multiple of the others. Since C = ^ U ^ ■i“yil’i=i 

q 

and each coordinate position of C has all elements from F^ 

appearing equal number of times, no two y^^'s have zero in the 
same coordinate place. Since w(x) = q - 1, there exist two 

coordinates of x, say and are zero. So there exist y^ and 

yg such that y^^ = 0 and y^^ = 0 where y^ = (yri'yr2 ' " ' ' ^rq+1^ • 

If y , =0, then the code obtained by puncturing 1th and mth 

si 
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coo3rdiii3t0S of ths cods Q'snsjrstsd by and x is a 2, cj-l] 

code but such a code does not exist. Therefore there is no v. 

•^1 

whose 1th and mth coordinates are zero. 


Let be a [q + 1, 2, q - 1] code generated by y^ and x. 

Let }■ and be the weight distribution of and , 

respectively. If i e -j r, s then has exactly one zero 

coordinate identically zero. So the code D' obtained from D. bv 

1 1 

puncturing this coordinate is a [q, 2, q - 1] code. Then the 
MacWilliams identities (2.3) give 

,(i) ^(i) _ 2 

\-i ^q - q - 1 

= q(q-l) 

Therefore the weight distribution of is ; 

1, A^^[ = q(q - 1), A^^^ = q -1 and A^J;[ = 0. 

If i •{ r, s then the MacWilliams identities (2.3) give 


^q-1 ^ ^q + Vl ^ 


aA^^J + A^^^ 

q-1 q 


= (q-1) (q+1) 


By solving the above system of equations, we get 

1 and A ^ ^ ^ - 1 - 2 A ^ ^ ^ 

\ \-l - Vl' q ■ ^ ^Vl’ 

If i e ^ 2, 3, q then A^^^ ^ 0, say A^^^ = (q-l)t, t s: 1. 

If i e -^r, s[-, then from above A^^^ = q-1- 

If q 2 : 5, then there is an i -{ 1, r, s, q+l\- such that 

A^^^ = (q - l)t, t i 1 and = ^q+1’ particular i, if 
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of q 


q 

1 , 


1, then = q(q-l)/2. Since A^^^ is multiple 

q/2 must be an integer but q is odd. Therefore A^^^ s 

q 


2 (q - 1) for i ^ 1, r, s, q+1 Since the number of q weight 

vectors of D is a sum of number of q weight vectors of D. ' s, 



1 = 


> 


i<4-{r,s}- 

(q + 1 - 4)2(q - 1) +0+ (q - 1) + (q 


1 )+ 0 


= 2 (q - 3) (q - 1) + 2 (q - 1) 
= 2(q - 2) (q - 1) 


which is not true for q a 6 .b 


The code defined in the matrix G in (3.3) is in fact 
strongly seminormal. To see this we first make few observations. 

Remark 3.1. If C is a (q, n, M)R code and if x e , then x + C 

q 

is also a (q, n, M)R code. 

Remark 3.2. Let A be any (q,n,M)R+l linear code and let x e . 
q 

Define C = U „ C , where C = ax + A. If the covering radius 
a 6 F a ' oc ^ 

q 

of C is at least R, then C is a strongly seminormal code with 
■{C an acceptable partition. 

Lemma 3.3. If C is a (q,n,iyi)R strongly seminormal code, then M a: 
qK (n, R+1) . 

Proof. If C is a (q, n, M)R strongly seminormal code with an 
acceptable partition ' then ^ R + 1 and hence |C^| 

q 

2: K (n,R+l) for all a e F^ . Therefore M a qK (n, R+1) .■ 
q q 4 

Let Cq be the [q + 1, 1, q + Hq-l q-ary repetition code and 
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" a (0, 0,1, aj , ■ ■ • jttg) + c^, for a e . By Remark 2.1, 

R(C^)=q-l for all a e . The code C = ^ y ^ is a [q+l,2,g-l] 

q-ary linear code. Moreover C is equivalent to the code generated 
by the matrix G in (3.3) and hence by Theorems 3.2 and 3.3, R(C) 

“ ^ all q a 7 and q = 4. By Remark 3.2 the following 

theorem follows. 

Theorem 3.4. If q a 7 or q =4, then the code generated by the 
matrix G in (3.3) is a [q+1, 2, q-1] q-ary strongly seminormal 
linear code with covering radius q-2. 

The following Example shows that the Theorem 3.4 is also 
true for q = 5 . 

Example 3.1 . Let C be a [6, 2, 4] linear code over 2^ generated by 
the matrix 


G = 


3 

1 


0 12 
111 


3 4 

1 1 


and let be the repetition code of length 6. For each a e 

U b 

let = a(3,0,l,2,3,4) + Cq. By Remark 3.1, = 4 for all a 

e . It is easily seen by computer that R(C) = 3. Hence, by 

Remark 3.2, C is a (5, 6, 25)3 strongly seminormal code with 

"^^a^aeZ acceptable partition. 

Since K (q+1, q-1) = q, by Lemma 3.3, cardinality of a q-ary 

q 

strongly seminormal code of length q + 1 and covering radius q - 
2 must be greater than or equal to q^ . Therefore C, the strongly 
seminormal code given by both the Theorem 3 . 4 and the Example 
above are of minimum cardinality. The code generated by the 
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matrix G in (3.3) is strongly seminormal for q = 3 also. But its 
covering radius is 2 . 


Example 3.2. Let C be a [4, 2, 2] ternary code generated by the 
matrix 


G 


1111 
0 0 12 


If X = (1,2, 1,2), then d(x, 0 = 2. Therefore by redundancy botmd 
R(C) =2. Let Cq be the repetition code of length 4. For each a e 
, let = a (0,0,1, 2) + . Then is a (3, 4, 9) code. Since 

R(Cq) = 2, by Remark 3.1, R(C^) = 2. Hence by Remark 3.2, C is a 
strongly seminormal with "I an acceptable partition. 

q 

Example 3 . 3 . Let Cq be the code generated by G in Example 3.1, x 
= (1, 0, 1, 3, 4, 0) and let C be a [6,3,3] 5 -ary code generated 
by the matrix 

G 

X 

For each a e , let = a:x + C_ . Then C = U C . It is easy 

D 

to verify by computer that R(C) = 2 . By Remark 3.1, is a 

(5,6,25)3 code and hence by Remark 3.2, C is strongly seminormal 

with acceptable partition. 

5 

Example 3 . 4 . Let C be a [11, 3, 6] ternary linear code with 

generator matrix 
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G = 


1 

0 

0 


1 1 
0 1 
0 0 


° 1 1 1 1 1 

10 12 0 1 

0 11112 


1 

2 

2 


Using computer, it is seen that R(c) =5. The code D generated by 
the first two rows of G is a [ll, 2 , 7] 6 ternary linear code. For 
each a e Z 3 , let = ay + D, where y is the last row G. By 
Remark 3.1, is a (3,11,9)6 code and hence by Remark 3.2, C is 
a strongly seminormal code with an acceptable partition. 

It is observed that the cardinality of the codes given by 
Theorem 3.4, Examples 3.1, 3.3 and 3.4 are same as the upper 
bounds for K (n, R) given by Ostergard [47] . But they are in 
addition strongly seminormal. These codes are used later to 
improve previous known upper bounds. A necessary and sufficient 
conditions for an optimal code to be strongly seminormal is given 
by the following theorem. 

Theorem 3.5. Let C be an [n=n„(k,d), k, d] code. The code C is a 

— q 

strongly seminormal if and only if R{C) = d - 1. 

Proof. Suppose R(C) = d - 1. For each a e F^ , let = 

^ * 

-I c=(c.,,c.,, ••• c ) e C 1 c. = a V, 1 s i s n. Since C is an 

' 12 n ' i ' 

optimal code, * (b and d(c, ) a d for all c e C\C^^' . 

Therefore by Remark 3.1, R(C^^^) a d. If R(Cq^M a d + 1, then 
there exists x e such that d(x, ) = d + 1 and hence the 

code obtained by puncturing the ith coordinate of the code 
generated by x and C^J^Ws an [n - 1 , k, d] q-ary linear code, a 
contradiction. Therefore R(Cq^^) = d. By Remark 3.1, R(C^^^) = d 

for all a e F and hence by Remark 3.2, C is a strong_y 
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seminormal code with an acceptable partition. 

q 

Conversely, let C be a strongly seminormal optimal code. Let 

a partition of C such that R(C ) s R(c) + i for all 

q a 

a 6 F . For any c e - d. Therefore R(C ) 2 : d for 

all a e Fg . Since C is an optimal code, R(C) d - 1 . Hence we 

have 

d :s R(c) + 1 < d. 

Thus R(C) = d - !.■ 

3-2 Upper Bounds On Kq(n,R). 


Theorem 3.6. If some (q, n, M) R seminormal code exists, then 

K (n+q, R+q-1) :s M. 

SI 

Proof. Let A be a (q, q, q)q - 1 repetition code and let B be a 
(q, n, M)R seminormal code with acceptable partition. 

q 

For each o! e F , let A = -((aia, ••*,«) I-. Let D = U D , where 
^ aeF 

q 

D = A © B . Then D, the block wise direct sum of A and B, is a 

(q, n+q, M) code and by (2.9) , R(D) 2 : R + q - 1. To see that R(D) 

is R + q - 1 we need to show that d(x,D) s R + q - 1 for all x s 

F^'*’^. Let X = (u,v) ; u e F^ and v e F^ . If d(v,B) s R - 1, 

there exists B with d(v,B^) :s R - 1 and hence d(x,D) ^ d(x,D ) = 
a o£ a 

d(u, A^) + d(v, B^) s q + R - 1. If d(v,B) = R, then there exists 

B with d(x, B ) = R. Moreover, since B is seminormal, d(v,B„) s 
a ' a P 

R + 1 for all /3 e F .If d(u,A) q-2, then d(u, A^) s q - 2 for 

some y e F . Therefore d(x,D^) :£ q - 2 + R + 1 and hence d (x, D) 
Q 0 
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i R + q - 1. Finally if d(u, A) = q - l, then d(u, A^) = q - l 
and hence d(x, D) s d(x, D^) = r + q _ 

Remark 3^3. In [32] Honkala has proved a similar theorem [Theorem 
2, pp . 1204] with stronger assumption. Moreover our proof is 
simpler . 

As an immediate corollary we have 

Corollary 3. 4. If some (q, n, (n, R) ) R seminormal code exists, 
then Kg(n+q, R+q-1) s • 

Assumption of seminormality in the above theorem is 
necessary. For, if Theorem 3.6 is true for any code, then it 
follows from the fact = 5 [39]" that K^{6,3) £ 5. But 

(6,3) = 6 [47] . 

In Theorem 3.6, if in addition B is (q, n, M)R strongly 
seminormal and A is a (q, qt,q) t (q-1) , t & 1, repetition code, then 
it is easy to verify that the block wise direct sum of A and B is 
a (q, n+qt, M)R+t(q-l) code. Therefore K (n+qt, R+t (q-1) s M for 
all t a 1 . 

Applying Proposition 2.19 to the codes given by Theorem 3.4 
and Examples 3.1, 3.3, and 3.4, we get the following upper 

bounds . 

Theorem 3.7. i) If q is prime power and q ^ 4, then 

K (n+q, R+q-2) qKg(n, R) . 

ii) K^Cn+lO, R+5) :s 9 K 2 {n, R) . 

iii) K^(n+5, R+3) :s 5 K 5 (n, R) . 

Improvements on the previous known upper bounds given by 


36 



Theorem 3.7 and Tables I and ITT in r^-ai 

eaiiu i±x in L43J are summarized in the 

following corollary. 


Corollary 3.5. K2(13,6) s 45 (48), K2(14,6) :s 81 (102), 

Kg(8,3) :£ 325 (455), Kg(8,4) s65 (121), Kg(9,3) s 1275 (1625), 

K5(9,4) :s 255 (325), Kg(9,5) s 55 (65), K^dO, 3) s 360 0 (6375), 

K5(10,4) s 720 (1225), Kg(10,5) s 175 (255), K^(10,6) s 45 (55), 

K5(11,4) £ 3125 (4375), K2(ll,5) s S25 (875), K5(ll,6) s 125 (175), 
K5(11,7) £ 25 (45). 

The numbers within parenthesis are earlier known bounds. 

If C is a (q,n,M)R code, then D = C © F is a (q, n+l, qM) R 
strongly seminormal code with -{Djjjl-ojgp , where = ■{ (c,a) |c e C}- 

an acceptable partition. Thus strongly seminormal codes of length 

greater than or equal to 9 can be constructed from the codes 

given by Corollary 3.5. But some of these may not be good 
covering codes. In order to get better upper bounds for Kg(n, R) , 
one needs to construct strongly seminormal codes of minimal 
cardinality . 


Theorem 3.8. K (q, q-2) s 2q - 1 for q s 3 . 
Proof. Let q a 3 , Fg = ■{ «]_/ “s' ' “q^ 


. Let x^, 


, e be defined 

2q-l q 


Xj, = (a^,aj_, • • ’ ,aj, ) for i = 1, 2, • 

Xq - (a,0Cq,o:q,---,0lq), x^^^ = 

=‘2q-l ■ (“q' 

Then the covering radius of the code C = ■{ x^ , 
atmost q - 1. If R(C) = q - 1, then there is 


and let a e F , a 
by 

, q-1, 


^ 2 ' ' ^2q-l^ 

a y e such that 
^ q 
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d(y, C) q 1. So y must have distinct coordinates. But then 
d(y,x.) = q - 2 for some i e .jq, q+i,..., 2q-l^, a contradiction. 
Thus R(C) = q - 2 and hence K^lq, q-2) s 2q - l for q > 3 . ■ 

3-3 Lower Bounds on Kq(n,R). 

In recent years several authors viz. Honkala [31] , van Wee 
[61], and others have determined lower bounds on K (n,R) by 
dividing the set of all elements of that lie in more than one 
sphere of radius R around the codewords to several classes and 
then by obtaining better estimates for the cardinality of some of 
these classes. The following observation gives a good lower bound 
on K (n, R) . 

Theorem 3.9. IfCsR^sn^^, i=l, 2, then 

Kg(n^ + n^/ R^ + R 2 + 1) 2 : min-j Kg{n^, R^) , Kg(n 2 , R 2 ) h 

Proof. Suppose C is a (q, n^ + n 2 , M}R^ + R 2 + 1 code with M < 

min-{ Kg(n^, R^) , Kg(n 2 , R 2 ) K ^et C = ■{ {Xj^,yj_) | 1 s i s m, x^, 

n n 

6 and e Fg }■/ A = ■{ Xj_ | « C }■ and let B = ■{ y^ | ■ 

(Xi'yi) e C [•. Then the covering radius of A ( B ) is at least 

R + 1 (R„ + 1) . Since C is the concatenation of codes A and B, 

■La 

by (2.9), R(C) 2 : R^ + R 2 + 2 , a contradiction.! 

The following corollary follows immediately by induction 
Corollary 3.6. If 0 :£ R^ , i = li 2 , • • ■ , t , then 

t t 

K ( E n. , Z R. + (t-D) ^ min-j K (n^, R^) 

^ i=l ^ i=l i ^ 
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The following corollary shows that the lower bounds given by 
Corollary 3.6 are at times better. 


Corollary 3.7. K 2 ( 9 , 5 ) £ 5 (4), K 2 (ll, 6 ) s 6 (5) 


(13 , 7) 

a 6 

(5) , 

K 3 (12 

,7) 

^6 (4) , 


00 

s 6 

(4), 

(8,5) 

a 7 

(5) , 

1 ^ 4 ( 9 , 

5) 

IV 

03 

«^4 

( 10 , 6 ) 

a 7 

(5) , 

( 6 , 3) 

£ 13 

( 11 ) , 

^ 5 ( 7 , 

4) 

2 : 9 ( 8 ) , 

^5 

(8,5) 

a 9 

( 6 ) , 

(9, 6 ) 

a 8 

( 6 ) . 








By Corollary 

3.6, 

Kq(qr, 

qr- 

-r-1) & K 

q 

(q/ 

q- 2 ) . 

On 

the other 


hand by Proposition 2.20, K (qr, qr-r-1) s 2q. Therefore 

Hi, 

(3.4) ~ - 2q 

H H 


If q = 2, then the inequality (3.4) gives K 2 ( 2 r, r - 1) = 4, a 
result of Cohen et al [12] . If q=3 and r = 2n, then by inequality 
(3.4), ( 6 n, 4n - 1) s 6 . Since K 2 ( 6 , 3) = 6 [39], by Corollary 

3.6, K 2 ( 6 n, 3n+n-l) a K 2 ( 6 , 3) = 6 . Thus we have 

Theorem 3.10. For any positive integer n, K 2 ( 6 n, 4 n- 1 ) = 6 . 

Since K^(4, 2) = 7 [47], by inequality (3.4), 

7 £ K^(4n, 3n - 1) s 8 for all n t 1. 

Techniques used in Theorem 3.9 are easily extendable to mixed 
codes . 


Theorem 3.11. Ifm=m^+m 2 , n= n^+ n 2 and R = R^+ R 2 + then 

\-'32“2' ’"s' ‘^2> 1- 

Proof . Suppose not. Then there is a code C = ■{ ^ ^i ^ 


^ y, g F ^F ^ and lsisN<M [•. Let A = ■{ x. | (x^,yj^) e 

1 ^52 <31 ^2 


n m 

Pq F 
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c y- and let B = -{ y. I (x.,v.) g P I 4-1, 

r Then the covering radius of 

A (B) is at least R + 1 ( + 1 ) and r -i = 

1 2 ' ^ IS the concatenation of 

codes A and B. Since C is a concatenation of the codes A and B, 
by (2.9), R(C) - + R2 2/ a contradiction.* 

As an immediate Corollary we have 


Corollary 3.8. 


ii) 




' 2m; 2R + 1 ) s ^^(n , m; R) , 

1 2 

m,- R) i min^ K^ln, R^) , k (m, R^) |., where R = R + 

1 2 ^ 


R2-H 1. 


If = 3 

and q2 = 2 , then Theorem 3 

. 11 and 

the 

Table 

[27] , give the 

following bounds. 





Corollary 3.9. 

K3^2 ' 2; 3) =4, 

^3,2^2 

, 4; 3) 

= 3 

! 

K- (3, 2; 3) 

^ f 4^ 

= 3, K 3 2<2 , 2; 2) = 

3, 


1 ; 

3) = 3 

K 3 2 ( 3 , 2 ; 3 ) 

a 3, K 3 2(2n , n; 2n 

- 1 ) a 

S,2<2 . 

1; 

1) a 4 


2^^^ '2n; 2n - 1) a 2 ' 2 ; 1) a 3 . 


The code constructed in this Chapter can be used to 
determine the value of l(m,R; q) = inin n | there is an [n,n-m]R 
q-ary linear code [• for some m and R. 

Theorem 3.12. If q a 3 and a prime power, then 1 (q - 1, q - 2 ; q) 
= q + 1. 

Proof. By Theorem 3.2, Theorem 3.3 and Example 3.1, there is a 
[q+1, 2]q-2 q-ary code for q a 4. If q=3, then 32(3) is a [4, 2] 1 
ternary code [19] . Therefore l(q-l, q-2; q) ^ q + 1 for q a 3. 
Suppose 1 (q- 1 , q- 2 ; q) - q. Then there exists a [q, 1] linear code 
C with covering radius q-2. Since the covering radius of any code 
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ath q codewords of length n lies between [niq-D/qJ and n, q-i s 
1 (C) £ q, a contradiction.* 

We need the following Lemma to show that 1(3, 2; 5) = 6 

Recall that tg[n, k] = min -{ R | there is an [n, k]R q-ary linear 
::ode . 

Lemma 3.10. t ^ [ 5 , 2] = 3 . 

Proof. Let C be a [5, 2, d] , 1 s d s 4, code over GF(5), then by 
redundancy bound, R(C) s 3. If d = 4, then C is equivalent to 
punctured Simplex code. Therefore by Theorem 3.1, R(C) =3. if d 
= 3, then C is a [5, 2, 3] code. By using MacWilliams identities 
(2.3), we get the following two sets of weight distribution for C 


1 4 12 8 

1 8 4 12 

These codes are equivalent to the codes and generated by 
the matrices 


1111 1 1 

and 

0 0 . 

respectively. A simple verification shows R(C^) = 3 = R(C 2 ) . 

If d = 2, then the MacWilliams identities (2.3) give the 
following set of weight distributions: 



with generator 


These weight distributions give codes and 
matrices 


C 


4 



respectively. It is easy to verify that RlC^) = 3 = R(C^). 

If d = 1, then by MacWilliams identity (2.3), the weight 
distribution is = l, = 4 = A^, A^ = 16. So the code C is 
equivalent to the code generated by the matrix 



5 

Let X = (0, 1, a^, a^) e Fg / then the d{x, C) = 3 and hence 

R(C) a 3. Therefore by redundancy bound (2.6), R{C) = 3. Hence 

any [5, 2, d], l:sds4, code over Fg has covering radius 3, 

that is, minimum possible covering radius of a [5, 2] code over 

F,. is 3 . ■ 
b 

Theorem 3.13. 1(3, 2 ; 5 ) = 6 . 

Proof. By Example 3.3, 1(3, 2; 5) £ 6. Suppose 1(3, 2; 5) s 5. 
Then there is a [5, 2] 2 code over Fg and hence tg[5, 2] s 2, a 
contradiction to Lemma 3.9. Therefore 1(3, 2; 5) = 6 .b 
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Chapter IV 


Optimal Codes of Dimension 
3, 4 and 5 

In this Chapter we determine n^{k,d) , the minimum length of 
a q-ary linear code of dimension k and minimum distance d, for 
smaller k and some d. Throughout this Chapter q is a prime power 
and an [n,k,dl code will mean a q-ary linear code. 


4.1 Bounds on n (3,2q). 

If C is an [ng(k,d+l) ,k,d+l] , dal, code, then by puncturing 
a suitable coordinate of it, one gets an [n (k,d+l)-l, k, d] code 
and hence 

(4.1) ng(k,d) :s ng{k,d+l) - 1 

Thus d) is a strictly increasing function of d. In [14] , 

Dodunekov has determined the value of ng(3, d) for d ^ q + 2 
( Proposition 2.8 ) and has also shown that ng(3,q(q-2) ) = 

gq(3,q(q-2) ) +1. If 3|q, then the following theorem gives a lower 

bound for ng(3,2q) 

Theorem 4.1. If 3iq, then ng(3, 2q) £ 

Proof. Suppose ng(3, 2q) = gg(3,2q) = 2q + 3 . Then there exists a 
[2q+3,3,2q] code C. Since 2q ^ and C meets the Griesmer bound. 
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by Proposition 2.5, = 

(2.3) give 


0 


^2 ■ The MacWilliams identities 


^2q ^2q+l ^2q+2 ^2q+3 “ 

^^2q+l ■*■ ^2q+2 ~ (<3^-1) (2q+3) 

^^2q ■^2q+l = (q^-1) (2q+3) 


Solving these eqviations one gets, (2q+3) ^ 

^ 2 q +2 ~ ° ^ 2 q +3 “ q(q iMg 2 } ^ ^ ^ generator matrix 

of the form 


G = 


0 

0 

1 


X 

y 

z 


where w(x) ^ w(y) » 2q and w(z) = 2q + 2. Last two rows of G 
generate a [2q+3, 2, 2q] code A. Let ■!®i^i=0 

weight distributions of the code A and A'^, respectively. Since 
the generator matrix of A has no zero column, = 0 . Moreover, 
since A is a subcode of C, ^2q+l “ ^2g+2 ~ Therefore 

MacWilliams identities (2.2) give 


^2q " ^2q.3 = ^ ^ 


3a; 


2 q 


= (2q+3) (q-1) 


2q.^3 

Solving above equations, one gets A^^ = (g-D 3 ^ 2 q +3 


- - 

q-1)^ . Since each A^ is a multiple of q-1, q = 0 (mod 3), a 
ontradiction to the hypothesis. Hence the Theorem.! 

Let A be a [q+4,3,q+l] code and let B be a [q+l,3,q-l] code 


AA 


Then the concatenation of A and B give a [2q+5, 3, 2q] code C and 
hence ng(3,2q) s 2q + 5 . Therefore by Theorem 4 . 1 , 

(4.2) 2q + 4 s ng(3,2q) < 2q + 5 for q s 0 (mod 3) 

The following corollary gives the value of n (3,2q) for q even. 

Corollary 4.1. If q is even, then n {3,2q) = g (3,2q) + 1 . 

Proof. Let D be a [q+2,3,q] code [14]. Then the code C = .{ {x,x) | 
X 6 D is a [2q+4, 3, 2q] linear code and hence by inequality 

(4.2) , n (3,2q) = g (3,2q) + !.■ 

If q = 3, then n^O, 6) reaches the Griesmer bound, but for 
q = 5 and 7, rig (3/ 2q) = gq(3, 2q) + 1 [29] . The following three 
Examples show that Corollary 4.1 is also true for q = 11, 13 and 

17. 


Example 4.1. The matrix 

“1011111111 1 110111111111 100 “ 

0112345678 9 10 01123456789 10 00 

0013254176 10 853673005224 911 

with entries from 2^^ generates a [26,3,22] code over 2^^. Hence 
by (4.2), n^^(3, 22) = 26. 

Example 4.2. The code generated by the matrix 
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1 1 


10 11 
0 112 
0 0 1 '? 


1 1 1 1 1 1 1 

,3 4 n r, 7 H 3 

2 b 4 2 h 0 b 


1 ^°^11111111111 

10 3 , l]L 20 l 0 ll 9 '^Atr^r 7 rt r* 

•*-uxx23456789 l0 1112 

-? 12 4 10 8 11 11 10 7 8 1 5 4 ^ g 3 ^ 2 8 


over j a f 2 0 , 3 , 26 } 13 -ary code. Hence by ( 4 . 2 ), 


n^3 (3,26)=30. 


Example 4.3. The’ code generated by the matrix 


10 3 1 1 1 l'llllllllllllOii]_]_]Llii ~ 

llllllllOO 

0112 * 4 b 0 7 8 9 10 11 12 13 14 15 16 0 1 1 2 3 4 5 

6 7 8 9 10 11 12 13 14 15 16 0 0 

0013 2 b 4 8 11 8 9 1 16 7 14 12 9 6 11 8 10 4 5 15 2 

064 16 295 10 0 11 711 

over .ij; a 138, ?, 34} code. Hence by (4.2), give n 3 ^,^( 3 , 34) = 

38 . 

It jr. cnni«Mrt,\ir(!d that the Corollary 4.1 is true for all q ^ 
0 (mod 3) . 

Example 4.4. 9 -ary code generated by the matrix 

~1 1 0 1 1 11 1 10 ttg OCg 1 ffg ttg 0 ttg CL ^ 0£ g 

1 a. a,. 1 (X,,.. (X,, «„ (Xn 0 0 0 1 1 1 1 1 111 0 a^. 

4 3 1 f) 7 8 9 -3 

0 a.^ ct..j 1 a 3 1 (X^ “3 ^ ^ ® CL,^ CL 1 1 o£^ cl^ a.^ l 

is a [22,3,181 code. Therefore by inequality (2.4), ng(3,18) = 21 
or 22 . 


4.2 Bounds on nq( 4 ,d). 

i 
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1,1 <ir.Miniiusl. on, I Hill liave diitormined n^t'l.d) for «H 

10 vdldoo or d. Iliooo «> fodos hdvd oince boon rodolvdd. In 


U,id dorlion on, doldmlnd n^il.di for a g.noral , and dO.,a d. 


I A rP- ^ q (4,q^- i) +1' for 1 ^ i ^ Q-l 

Thec^r^_4 ;:3.: ^ 


p^f, T.et A bo a lq^l,4,q"-ql t«o-«aight code having a codaword 
o£ dSight t81 . Then A has a generator matrix of the form 


(4.3) 


G 


A 



■ 0 

1 1 .... 1 ' 


1 

X 


0 

X' 


0 

x" 


1 i ■? a-i] code with 

V, 4 ^ < i s q-1, let D. be a [q+2-i, 3, q 

For each i 

r • . n ri4l Then the matrix 
generator matrix 114J. 


r 0 0 


(4.4) 


G = 


G 




A 


r 2 4 4 a^-i] code C.« 

generate.s a [q +q+3-i, * 4 


Ad an Immediate corollary we have 


“I£ii5£lL4ri- « ^ with ge 


C«ollh£3Li^- “ , , 0*2 3 ql code with generator 

P^. let q be even and let 0 be Iq . 


Proof, bet q be eve n bv (4 4 ) on replacing 

T o ,141 Let G be the matrix gxven by (4-4) 
matrix G^ (• • 9 . _ a r-nde.* 


matrix - „ 2, 

a, by a, . Then C generates a iq iqf3, 4, q' ^ 

The following Theorem gives exact value of 

„ 2 .1 


‘ / A rP" - 2 ) = q^ + q + 1 

tc n, > then n_(4,q^' ^ „ 

Theorem_4^ I* 9 ' 4 d] code where n - q + q 

Tpt C be an [n,4,aj cuia 

Proof, If possible, ,.,< 140 . For, If A„ ' » 


2 . 2 , 
d = q - 2 


ossible, lec ^ ^ 

^.4 3 s i ^ q- P°^' 

Then A„ . 0 tor w = d*r, 
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some i, then by Proposition 2.9, Res(C, w) is a [q+2-i, 3 , q+i-i] 
code. But by (2.4), such a code does not exist. Hence possible 
nonzero weights in C are d, d+1, d+2, n-1 and n. By Proposition 
2.5, Bj -0 for j - 1, 2, 3. The MacWilliaras identities (2.3) give 

^d ^d+1 ^d+2 \ - 1 

(q^2)A^^ ^ ^ '2^d+2 

(q+2) (q+l)A^ + (q+l)qA^^^ + q(q-l)A ^^2 = (q^-l)n(n-l) 

(q+2) (q+l)qA^*- (q+l)q(q-l)A^^^+q(q-l) (q-2)A^_^2 =(q-l)n(n-l) (n-2) . 


By (2.5) , one of A„ and A„ . must be zero. Moreover if A ?<= 0, 
^ n n-1 n 

then A^^ -- q - 1. Thus if A^ = q-1 and = 0, solving the above 

equations one gets q ^ 3, a contradiction. Hence A^ 

= 0 . If Aj^ .j 56 0 , then solving above system of equations again we 

2 

get A, < 0 for q a 3, a contradiction. Therefore n (4, q - 2) a 
u ’f* u SI 

g (4, q^-2) + 1 and hence by Theorem 4.2, proof is complete.* 

q 

By Proposition 2.7 and Theorem 4.3, we have 


(4.5) 


nq(4,q -i) s 


g (4,q^-i)+l for 0 :s i < 2 and q a 3. 


Hence by Theorem 4.2 and inequality (4.5), the following theorem 
follows . 


Theorem 4.4. If q £ 3, then nq{4, q^-i) = gq{4, q^-i)+l for i - 1 
and 2 . 

2 

For odd q, similar technique gives the value of 11^(4, q - 1 ) 
for 1 s i s q - 1 . 


Theorem 4.5. If q is odd, then ng(4,q^- i) 
I £ i s q-i. 


g (4,q 


i) + 1 for 


48 



Proof. By Theory 4,2, 0^(4, q^. i) q2. i) + j 1 o 1 

=, q - 1. If n^(4, q=- q + 1) > g^( 4 , q^- q + i) , g2 + 3 , i^t C 
be a [q'^+i, 4, q^-q+i] code. By Proposition 2 . 9 , the residual 


q + 1 is a 


code of C with respect to a codeword of weight q^ 

[q+ 2 , 3, q] code. But by Proposition 2 . 8 , such a code does not 
exist for odd q. Therefore ng(4,q^- q + i) = g (4^q2_q + + i. 

Hence by Proposition 2.7, the theorem follows.* 


By Corollary 4.2 and inequality (4.5), we have 

Corollary 4.3. If q is even, then ng(4,q^) = gg(4,q^) + i. 

2 2 2 

Theorem 4.6. It q is odd, then q +q+3 ^ n (4,q ) s q +q + 4. 

q 

o 

Proof. Let A be a [q'''+l, 4, q{q-l)3 q-ary code generated by the 
matrix given by (4.3). If B is a [q+3, 3, q] code with 

a generator matrix Gg [14] , then the matrix 




I — 

O 

o 

o 

G = 

Sa 

Q 

td 

1 


2 2 

generates a [q^+q+4, 4, q ] code. Hence nq(4,q)sq+q+4. If 
n (4,q^) - q^^*- q + 2, let C be a [q^+ q + 2, 4, q^] code. Then a 

9 2 

punctured code of C is a [q+q+ 1, 4, q- 1] code. Therefore 
n(4, q^-1) =q^+q+l, a contradiction to Theorem 4.5. Hence 

nq(4, q^) a + q + 3.* 

Theorem 4.7. For 2 s i s q - 2, nq{4,q(q-i)) ^ gq(4=,q(q-i) ) + 1- 

Proof. Suppose ng(4, q(q-i>) = q(q-i)) some i. Let d = 

q(q-i), n = 9 ^( 4 , d) = (q+D (q-i)+2 and let C be an [n, 4, d] code 

Then A = 0 for w = d+1, d+2,---, d+q-i. For, if ^ 0 for some 
w 

W«d + j, I 5 j 5 q-i, then by Proposition 2.9, Res(C,w) is an 
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t„-w, 3, q-i-j.ll code. Sut by (2.4), euch . code doee not exist. 
Therefore possible non-zero weights in c are ^ a, n-l, n ^ since 
the cod., meets the Griasmer bound, by Proposition 2 . 5 , B . = B . 
0 . The Ma,::Willia,>,,e identities (2.3) for B , B, and B, gite 


'^d ^ \-l * An = 9^- 1 

(q-i+2)A,j + =. n(q^- 1 ) 


1 ) 


A 


2 

Solv.inq t}ir-?!oe eqiMt;.ions one qets A, = n(n-l) (q -i) 

^ (q-it 2 )(g-i,.l)' "h-l 

and A, iai q :i l)a-I)(q^-litl)q-i) ^ ^ . 0 for g 

(q+1- i. ) q - i + 2 ^ 

a 4, a ctoni.rad i.r.’t’.ion . Hence the theorem follows.* 

Since H^q-D) = q^ +1 [8], by inequality (4.1), 

ng(4,q(q-2)) a (4 , q (q-2) +q) - q = q^ + 1 - q = gq(4,q(q-2)) + 1 
and hence by Theorem 4.7, we get 

Theorem 4.8. nq{4,q(q-2)) = gg(4,q(q-2)) + 1 for q s: 4 . 


4.3 Bounds on n^(s,d). 


In [5] Bhandari and Garg and in [21] Greenough and Hill have 
independently determined the value of n^{4,d). In this section we 
determine lower bounds on n^(5,d) and construct some codes to get 
exact value of n^{5, d) for some small d's. We first prove some 
results on n {k, d) that are useful in showing nonexistence of 

q 

certain codes . 


50 



Lemma 4.4. Let C be an [n, k, d] code with generator matrix G and 


k- 1 

let d :s q . If n = g (k,d) + t, t ^ 0, then any column of G is 

Si 

repeated atmost t+1 times. 

Proof. If G has a column that appears more than t+1 times, then 
it is equivalent to the matrix 


< t + 2 > 


’ll. . .1 

X 

0 

A 


Then the matrix A generates an [n-t-2 , k-1 , d' ] , d' 2: d, code. But 
by (2.4), such a code does not exist. Hence every column of G is 
repeated atmost t+1 times.* 

Lemma 4.5. Let C be an [n, k, d] code and let G be a generator 
matrix for C. If G has no zero column and has exactly one column 
that appears more than once, say s times, then = (q-1) s (s-1) /2 . 
Proof. G is equivalent to the matrix 


< s > 



■ 1 1 • • 

• 1 

0 • • • 0 


G' = 

0 


^k-l 

B 





Hence a generator matrix for is equivalent to the matrix 




A 

— U- -I 


1 



1 

I 

; 0 

s- 

■1 

^2 

n-k 




. 


1 


/ 

• 





* 


B 



^n-k 


where B^ is the transpose of the matrix B. Since any two columns 
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1 



of B are linearly independent, any linear combination of the rows 

of H' that contains one or more of u^'s, s s j :£ n-k, has weight 

3 or more. Thus the elements of C"'' of weight 2 are of the type 

au. or a (u . - u . ) where a e F \^0j-, l:£i<j<s-l. Hence B = 
i. 1 J q z 

(s-l) (q-1) + (q-1) .■ 

k- 2 

Theorem 4.9. Let d q and let n = g (k, d) +1. If C is an 
[n, k, d] code with generator matrix G, Then G has atmost one 
column that appears twice and B 2 = 0 or q - 1 . 

Proof . By Lemma 4.3, no column of G appears more than twice. If 
some two columns, say, ith and jth, appears twice, then G is 
equivalent to the matrix 



110 0 

X 

G' = 

0 0 11 

y 


0 

A 


n ”• 4 

where x, y e F . The matrix A generates a [g (k, d)-3, k-2, d ] 

Q q 1 

d^ ^ d, q-ary code. But by (2.4), such a code does not exist. 

Therefore atmost one column repeats twice and hence by Lemmas 4.4, 

B^ = 0 or q - !.■ 

The following Lemma gives a lower bound to ng(k,d) in general 

Lemma 4.6. If ng(k, d) ^ Hglk, d) + t, then n^lk+l, qd-i) ^ 
g (k+l,qd-i) + t, 0 i < q-1. 

Proof. If n_(k+l, qd-i) :£ g^(k+l, qd-i) + t - 1 for some i, let C 
be a [gg(k+l, qd-i) +t-l,k+l, qd-i] q-ary code. ThenRes(C, qd-i) is 
a [g (k+1, qd-i) +t-l- (qd-i) , k, d] code. Therefore 
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g^(k,d) + 


t £ n (k,d) 

'■d 


^ 9q (1^ + 1 / < 3 d- i ) + t - i - (qd-i) 
k 

= I r(qd-i)/q^ 1 + t - 1 - (qd-i) 
j-0 

= I [(qd-D/q^l 1 + t - 1 = I r(d-i/q)/q^“^1 + t - 1 

3=1 j=l 

-i k-1 . . 

I r(d-i/q)/q-' 1 + t - 1 = I r('i/q^)-{i/q^+^)1 +t-l 

1 — n j I 


3=0 

k"l 


3=0 


- I r^/q^ 1 + t - 1 = g (k,d) + t -1, 
j=0 ^ 


a contradiction. Hence n (k+1, qd-i) a g (k+1, qd-i) + t, 0 £ i s 

q q 

q-1 .■ 


Using above lemma and the lower bounds from the Table in 
[21] , we get the following. 

Theorem 4.10. Ifde-{i|9sis 16, 25 s i s 32, 49 :s i 5 64 , 

89 s i < 128, 145 sis 176 then n^(5,d) s: g^{5,d) + 1. 


Let G be the 5 x 10 matrix over given by 


“1111 

“3 

“3 

“4 

1 

0 

0 


0 

1 

1 

1 

1 

0 

’^4 

0 

0 

“4 

“4 

“3 

1 


0 

1 

0 

«3 

1 

“3 


0 

1 

“4 

0 

“4 



Then G generates a [10,5,5] code C. It meets the Griesmer bound. 
On successively puncturing C, we get [9, 5, 4] and [ 8 , 5, 3] 
quaternary codes. Hence by inequality (4.1) and table in [12], 
n^(5, d) i 94 ( 5 , d) + 1 for d = 3 and 4. Hence we have the 
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following theorem follows. 


Theorem 4.11. n^(5,5) = 10, n^(5,4) = 9 and n^(5,3) = 8. 

The following two theorems show that [29,5,20] and [49,5,3; 
quaternary codes do not exist. 

Theorem 4.12. n^(5,20) ^ g^(5,20) + 1. 

Proof. Suppose n^(5, 20) = g^{5, 20) = 29. Let C be a [29, 5, 2i 
quaternary code. By constructing suitable residual codes, it : 
easy to verify that = 0 for i e ■{ 21, 22, 23, 25 [- and 1 

Proposition 2.10, ~ “therefore possible nonzero weights a; 

^ 20, 24, 27, 28, 29 }• . By (2.4), = 0 or = 0 Thus if A, 

* 0, then A^g = 3 and = 0 . By Proposition 2.5, B^ = 0 for j 

1 , 2, 3. First three MacWilliams identities (2.3) give 


^20 

^24 

^27 

= 4(4^ - 

1 ) 


5^24 

H- 2 A 2 , 

= 29(4^ - 

1 ) 

36 A 20 + 

1°^24 

^27 

= 406(4^ - 

1) 


Solving these system of equations, one gets A 2 Q = 8493/14, 
contradiction. Therefore A 2 g = 0. Then the MacWilliams identitii 
(2.3) give 


A„„ 

+ 


+ 

A_„ + 


4^ - 

1 

20 


24 


27 

28 



^^2 0 

+ 

5^24 

+ 

2^27 " 

CO 

< 

= 29(4^ - 

1 ) 

3®^20 

+ 

^°^24 

+ 

A 

27 


= 406(4^ 

- 1) 

®"^2 0 

+ 

^°^24 




= 3654 (4‘ 

' - 1) 


Again solving these equations, one gets A 2 g = 4275/7, ' 

contradiction. Therefore our supposition is wrong and hence t 


Theorem.* 


Theorem 4.13. n^(5,35) ag^(5,35) + 1 = 50 . 

Proof. Suppose n^(5, 35) = 49. Let C bP. p r.. _ 

^ L49, 5^ 39^ 

F . By considering residual codes of suitaKi 
4 xLaoie codewords, it is 

easy to verify that A. = 0 for i e ^ 37, 3a 

1 ) '' 41-43, 45 y and by 

proposition 2.10, A = 0 . Therefore onlv ^ 

y possible nonzero 

weights are ] 35, 36, 39, 40, 44, 47-49 L Sinnc 

I -^uce the code C meets 

the Griesmer bound, by Proposition 2.5. B. - ^ ^ 

3 ' 0 for ] = 1 , 2 , 3 . 

The first four MacWilliams identities (2.3) gi^g 


A 35 + 

^3 6 

+ 

^39 

'^40 * ^44 * ^7 + + A^j 

= 1023 

14A35 + 

12^6 

+ 

IOA 39 

5^40 "'^7-^48 

= 12495 

91A35 .. 

^ 9^36 

+ 

45 A 39 . 

36A^„ + lOA^^ + 

= 74088 

364A33 + 

286 A 3 g 

+ 

iSOAgg + 

®^^40 '* ^^^44 

= 276360 


By Proposition 2.4, A. = 0 or 3 for i & 47. if » 

1 a ^9 = 3, then by 

equation (2 . 5 ) , A. = 0 for j a 43 . By solving the above system of 
equations, we get 


I8A35 + ISA^g - 2 A^q 12123 


The left hand side of this equation is congruent to 0 modulo 2 
but right hand side is congruent to 1 modulo 2 , a contradiction. 
Hence A^^ = 0. If A^g = 3, then by Proposition 2.4, A^ = 0 for j 
a 44 . By solving the above system of equations we get lOA + 
SAgg = -65870, a contradiction to Aj^ is a nonnegative integer. 

Therefore - 0. Similarly A^.^ = 0. So the possible nonzero 

weight vectors are ^35, 36, 39, 40, 44}-. Solving the above system 


3 (l 097 -t)/ 7 , - 18(l2963-2t) and A^g < 0, a contradiction. 

Therefore Ag^. = 0. Similarly if Ag^ = 3 , then by Proposition 2.4, 

A. = 0 for j ^ 54 and solving the above system of equations again 

we get 6A^g + 210Ag2 = -69433, a contradiction. Therefore A,.„ 

60 

= 0 . Thus possible nonzero weights are \ 45-48, 52 The above 
system of equations now give 6A^g + 210 Ag 2 = -61380, a 

contradiction to A^^ integer . Therefore the above system of 
equation don't have a positive integer solution and hence 
n^(5,45) 2 : g^(5,45) + l.i 

Using Theorem 4.14 and Proposition 2.7, we get 

(4.6) n^(5,45 + i) a g^(5,45+i) + 1 for 0 s i < 3 . 

and by inequality (4.1) and Table in [21], we get 

n^(5,d) 2 : gg(5,d) + 1 for d s 3, 4, 7, 8 [• U ■{ i | 13 s i s I 6 , 
23 £ i S 32, 37 £ i £ 44, 77 £ i £ 80 

For d = 64 , the following theorem gives a further improvement 

Theorem 4.15. n^(5,64) £ 88. 

Proof . Suppose not. Then there exists a [87,5,64] code over . 
By Proposition 2.9, possible nonzero weights are i e ■{ 64, 70-72, 
86, 87 [•. The MacWilliams identity (2.3) for B^, and B 2 give. 


A,.„ 

64 

+ 

No 

+ 

Ni 

+ 

N2 

Ns N7 ~ 

23A,.„ 

64 

+ 

17A.^0 

+ 

16A.^^ 

+ 

15A.^2 

A„^ = 22185 

00 

253A^^ 

64 

+ 

136A.^q 

+ 

120 A ^1 

+ 

105A.^2 

= 235686 + 64 B 2 


By Proposition, 2. .4; A^ = 0 or 3 for i > 78. If Ag.^ ^ 0, then Ag.^ 
= 3 and Aj = 0 for j 6 ] 70-72, 86 Hence by solving the above 
system of equations, we get Ag^ = 22185/23, a contradiction. 


Therefore Ag^ - 0. If Agg ^ o, then Agg = 3 and A^ = 0 for j 6 ^ 

71/ 72, 87}-. Then the above equations give A = 807 and A 

64 — 

213. This implies < 0, a contradiction. So A„^ = 0. Therefore 

8 6 

the only possible non-zero weights are \ 64, 70-72}-. By solving 
the above equations again we get 

8Ag4 + = 6840 

+ A^g = 25668 + 648^ 

This implies 

25668 + 648^ :s 28(8Ag^ + = 20520 

a contradiction. Hence n^(5,64) a g^(5,64) + 2 .u 


Chapter V 


Covering Radius of Simplex and 
Macdonald Class 


In this chapter, we determine the covering radius of two 

optimal codes, namely, Simplex and MacDonald codes. These codes 

were defined in Chapter II. Throughout this Chapter P = Ja =0 

q I 1 ' 

= 1, is a finite field. 

5- A The Covering Radius of Simplex Code* 


Let S, (q) be a k-dimensional Simplex code over F . It was 
K q 

seen in Chapter II that a generator matrix ®k+l 

be defined inductively by (2.2), that is 


(5-1) Gk.l'-J) - 


00- ■ • 0 

1 

11- • -1 

“s’ ■ ‘“3 

. • . 

CL • • • a 

q q 


0 





G„(q) 

0 

0 

G,^(q) 

G]^(q) 




S, (q) is a [ (q'^-l) / (q-D . k, code that meets the Griesmer 

bound. If a = 2, the covering radius of the binary Simplex code 
S, (2) is 2^"^ - 1. If q > 2, then very little is known about the 


covering radius of Sj^(q). in [34], Janwa had posed this 
open problem and had shown that 


as an 


(5.2) R(Sj^(q)) s i. 

The same bound was also obtained by Dodunekov [13] and Garg [19] . 


5.A-1 Lower Bounds on R(S}^(q)). 


In [19] , Garg has shown that the bound given by (5.2) is 
attained for k = 2 and q even and that the bound is not reached 
for k = 2 and q odd. He also improved this bound for q = 3 and 4 
and obtained a lower bound on R(Sj^(q)) (Proposition 2.16). Let q 
be odd and let S 2 (q) be the [q+1, 2, q] Simplex code generated by 
the matrix 



’ 1 0 1 a_ . . . a ' 


1 

• 

G = 

3 q 

ss 


G' 


_ 0 1 1 .... 1 _ 


0 



Then G' generates a [q,2,q-l] code C, By Theorem 3.1, R(C) = q-2. 
Therefore R(S 2 (q)) ^ q - 2 and hence by Proposition 2.15 R(S 2 (q)) 
= q - 2. This shows that the bound given by (5.2) is not reached 
for k = 2 and q odd. 

Theorem 5.1. If q is odd, then R(S 2 (q)) = q - 2. 

Let C be an [n, k, d] code with generator matrix G. If R = 
R(C) £ d and if x e such that d{x,C) = R, then the matrix 



< — d-R — > 



generates an [n + d - R, k + 1, d] code. Conversely, if C is an 
[n+s, k+1, d] code with s equivalent coordinates, then C is 
equivalent to a code generated by the matrix 


X 1 1 ... 1 

G' 0 

for some x e . Clearly G' generates an [n, k, d] code C with 
R(C) a d - s. This observation is useful in determining a lower 
bound on the covering radius of a code. 

Remark 5.1. If C is an [n, k, d] code with R = R(C) s d, then 
there exists an [n + d - R, k + 1, d] code. Conversely, if there 
is an [n+s, k+1, d] code with s equivalent coordinates, then there 
exist an [n, k, d] code whose covering radius is at least d - s. 

Theorem 5,2. i) If q is odd, then a q^ - 3. 

2 

ii) If q is even, then R(S 2 (q)) ^ q - 2. 

Proof. Let q be odd. By Theorem 5.1, R(S 2 (q)) = q-2. So there 

exists X e with d(x,S-(q)) = q - 2. The matrix 

q ^ 

G' = 

generates a [q+3,3,q] code. Let C be a [q +l,4,q(q-l)] two-weight 
code having a codeword of weight q^ [8] . Then it has a generator 




matrix G" of the form 


1 

— 

0 

A 

0 


0 

1 1 ••• 1_ 


The code D generated by the matrix 


G = 


■ G' 

. 0 


G" 


2 2 

isa[q + q + 4,4,q ] code with three equivalent coordinates. 

Hence by Remark 5.1, there exists a [q^+q+l, 3 , q^] code whose 
covering radius is at least q - 3. Since equivalent codes have 
same covering radius, R(S 2 (q)) a - 3. 

If q is even, then by Proposition 2.15, R(S (q)) = q - i. 

Hence there exists x e such that d(x, S (q) ) = q - i. The 

matrix 


X 



0 

J 


generates a [q+2, 3, q] code C. Now the matrix 



- Q„, 


G = 


G" 


0 




■ 


generates a [q^+q+3 , 4 , q^] code with two equal coordinates. Hence 
by Remark 5.1, there is a [q^+q+l,3,q^] code with covering radius 

9 2 2 . 

greater than or equal to q - 2 . Since any [q +q+l; 3, q ] code is 

2 

equivalent to (q) , R(S 2 (q)) - 


2.1 



In [17], van Eupen has aonstructed a [43,5,27] ternary code 
with three equal coordinates, without loss generality, we can 
assume that this code has a generator matrix of the form 



Then the matrix G' generates a [40, 4, 27] code with covering 

radius greater than or equal to 24. This proves the following 
theorem. 

Theorem 5.3. R(S^(3)) ^ 24 . 

If (k,q-l) - 1, then the Simplex code Sj^(q) is equivalent to 
a cyclic code C with generator polynomial g(x) = Sg^x^, sav, of 
degree n - k; n = (q^-1) / (q-i) . Then the code consists of all 
cyclic shifts of g(x) and their scalar multiples, that is, C = 
-{ax^g(x) I 0 s i < n, a e F }■ . For each a. e F , let n. = Nj I 
0 < j £ n-k and g^ = M • Since every nonzero codeword of C has 
weight q^"^, n^ = n - q’^'^ = (q'^"^-l) / (q-1) . Therefore 

R(C) a d(l,C) = min-j n-n^| l:£i£q}-, 
where 1 = (1,1, •■■,!). Thus we have 

Theorem 5.4. If (k, q-1) = 1, then R(Sj^(q)) an- max-{ | 1 :£ i 

^ q }■ 

To determine n^^'s , we need to determine equations satisfied 

by them. Since the number of non-zero coefficients of the 

k-1 

generator polynomial g (x) is q , 

k-1 

n 2 + + • • • + = q 


(5.4) 



since the dual of the Simplex code is the Hamming code with 
distance three, strength of Sj^(q) is two. So for every pair of 
coordinate positions of Sj^(q) any q-ary ordered pair appears 
equal number of times. Thus if (k, q-l)=l. 


#(00) -pair in the codeword list “ 2 


n(q-l) J 


n n ] r n 

#(11) -pair in the codeword list = n + + . . . + h 


Since the number of (00) -pair in the codeword list equals the 
number of (11) -pairs in the codeword list, the right hand side of 
the above equations are equal. Therefore 


q n. (n. - i: 

n i ~ — 5 

i = 2 


n (n-1) 
2 


n (q-1) n^ (n^-1) 


I n. 


2n - 2n^ +n^q^ ^ - q^ ^ 


(5.5) 


I nt = 


k-1, k-1 

q (q + q - 2, 


If q = 3 and k is odd, then by solving equations (5.4) anc 
(5.5) , one gets 

l,.,k-l ^ 1 nk-l . , 1, k-1 J -k-1 , 

n^ = ^(3 + ^3 ) and n^ = -^(3 - 3 ) . 

Therefore n - max-{ n^, n^ |- = 3^ ^ (J 3^ ^ + 1) . 

If q = 4 and 3jk, the equations (5.4) and (5.5) become 


n^ + = 2 


2k-2 


2 2 2 .k-1 2,.,2k-3 . .k-1 

n^ + n 3 + n 4 = 4 .j{2 +1) = s.4 


For each i = 2 , 3, 4, n^ must be even, say, n^ = 2t^ . Then t^ 


64 



t + t. = 2 ^^"^ and = s 

3 ^ 3 4 * 

(k- 1 ) -times, we get , where 

2 2 2 

+ "^3 + ^4 = Since these equations 
2 ^"^ + 2 for all i = 2, 3, 4. Hence 


. Repeating this process 

^2 + = 2 ^"^ and 

have a solution, 3m. s 

1 


max-| m 2 , m^ , ^ 


1 ro^-l 

2 ' ^ + 1 ) 

3 (2 + 2 ) 


if k even 
if k odd . 


Therefore by Theorem 5.4, we have 

Theorem 5.5. i) If k is odd, then R (Sj^ (3 ) ) a 3^“^ - 3 ^"! + 2 .). 

ii) If 3 I k, then 


R(Sj^{4) ) 


4 ^'^ - |{ 2 ^"^ + 1 ) , 

^ 4 ’^-i. (2^"^+ 2)/3 , 


k even 
k odd. 


The lower bound given by the above theorem are much better 
than the bound given by Proposition 2.16. The idea of considering 
the Simplex code as a cyclic code and the proofs of Theorems 5.4 
and 5.5 (i) are due to an anonymous referee. 

If Gj^(qj is a generator matrix for Sj^(q), then a generator 
matrix for S,^^^ (q) is given by the equation (5.1). Thus if x e 
with d(x,Sj^(q)) = R(Sj^(q)), then the distance of the word y = 
(x,l,x, ••• ,x) from Sj^^^(q) clearly satisfies 

d(y, Sk_^l (q) ) * min-j qR(Sj^(q) ) +1, n(q-l) }- = qR(Sj^(q) ) + 1 
where n = (q'^-l) / (q-1) . Hence by induction, we have the following 


following theorem. 

Theorem 5.6. i) R (q) ) a:qR(Sj^(q)) +1. 



R(Sj^(q)) 2 : q R(Sj^(q)) + ^-1) / (q-1) whenever m £ ]c. 


5 . A- 2 Exact Covering Radius- 


By (5.2), R(S 2 (q)) s q - 1. If R(S 2 (q)) = q^-1, then there 

2 

exists an X s ’^'^■‘‘^such that d(x, (q) ) = q^- 1. So the matrix 

G = 

i 

' generates a [q^+ q + 2, 4, q^] code. This is a contradiction tc 

j the Corollary 4.3 and Theorem 4.6. Therefore, R(S 2 (q)) s q^ - 2 

: Hence by Theorem 5.2, we have 

j 

j Theorem 5.7. i) If q is even, then R(S 2 (q-)) = q^- 2. 

i 

ii) If q is odd, then q^- 3 s R(S 2 (q) ) ^ q^- 2. 

■i 

I 

The bound given by the above theorem for odd q is besl 
possible. In [19] Garg has shown that R{3^{2)) - 7. Sinc< 
; n2(5,27) a 43 [30], b2{4,27) a 3 . So by Proposition 2.14 

R(S^(3)) :s 24 and hence by Theorem 5.5, we have 

Theorem 5.8. R(S^(3)) = 24. 

By Theorem 5.5, R(S^(4)) s: 61. If R(S4(4)) = 62, then ther 
exists a X 6 such that d{x, S^(4)) = 62. The matrix 

i 

I 




generates a [87,5,64] code over . But such a code does not 

exist- as by Theorem 4.15 n^(5,64) a 88. Hence we have 

Theorem 5.9. R(S^(4)) = 61, 

As an immediate Corollary we have 

Corollary 5.1. n^(5, 64) =88. 

Proof. By Theorem 4.14, n^(5,64) ^ 88. Since R{S^(4)) = 61, there 

Q C 

exists a X e P° such that d(x,S^{4)) = 61. Therefore the matrix 



generates a [88, 5, 64] quaternary code. Hence n^(5,64) =88. ■ 


5. A- 3 Upper Bounds on R(S,^(q))‘ 


The following theorem gives a better upper bound for 

R{S (q) ) if R(S, (q) ) is known for some k, k :£ m. 
m 

k” -L 

Theorem 5.10. If for some k and q, R(Sj^(q)) s q - t, t £= 1, 
then R(S^(q)) s - t for all m a k. 

Proof. Let m = k + 1 and let the generator matrix of 

S^ ^ (q) given by (5.1) . equivalent to the matrix 



Since equivalent codes have same covering radius, by (2.8) 

Ic 

R(S, , (c)) ^ R(S, (q)) + R{repetition code of length q ) 
k-hl * ^ 



t. 


^ - t + (q-Dq^ = - 

Hence by induction on m the theorem follows.* 

If cj is odd, by Theorems 5.7 and 5.10, we get the following 
bound for Sj^ (g) that is better than the bound given by 

(5.2) . 

Corollary 5.2. R(Sj^(q)) s - 2 for all k a 3 . 

Corollary 5.3. For k a 3 , ng(k+l,q^"^) > (k+1 , q^“^) , 

Proof. If not, then n (k+l,q^“^) = g (k+l,q^'^) = g (k,q^"^: + 1 

^ ^ ^ 

= n (k, q^ ^) + 1. So b (k,q^'^) = 1. By Proposition 2.14, chere 
exists a [ (q -1) / (q-1) , k, q ] code with covering radius q 1. 

Since equivalent codes have same covering radius, R(Sj^(q)) =^' -l, 
a contradiction to Corollary 5.2.* 

If q = 3 or 4, the following theorems, the proof of which 
follows from Theorems 5.8, 5.9 and 5.10, further improve the 

bound given by Corollary 5.2. 

Theorem 5.11. If q = 3, 4, then R(Sj^(q)) ^ q*^"^ - 3 for all k s: 
4 . 


5.B The covering r adius of the MacDonald codes- 

Let 1 2 u < k be given integer. Recall that a MacDonald code 
C, (q) is a [(q^-q'")/(q-l) , k, -q"""^] code generated by th 

K / U, 

matrix 



( 5.61 






where G^(q) is a generator matrix of the Simplex code S^(q)/ 0 is 

a (k-u) X (q^-l)/(q-i) null matrix and [A\B] is a matrix obtained 

from A by deleting the columns of the matrix B, In [19] , Garg has 

k- 1 

shown that R(Cj^ 2 ( 2 )) = 2 - 4 for k 2 : 4 . In fact we can easily 

find out the covering radius for k = 3. Observe that C. „( 2 ) is a 

0 / M 

[4, 3, 2] code generated be the matrix 


1111 


G = 0 1 0 1 


0 0 11 


By Singleton bound, R(C 2 2 ^^^^ *^3 2 ^^^ ^ proper 

subset of the whole space, ^ RCC^ 2 ^^^^ “ 

For q > 2, almost nothing is known about the covering radius of 
C, (q) . Since C. (q) is a code meeting the Griesmer bound, 

R(C, (q) ) £ q^~^- q^"^- i- this section we improve this bound 
and determine lower bounds for the covering radius of i^ 

general and use them to determine exact covering radius of small 
values of k, u and q. 


5-B.1 Lower Bounds on 


The Matrix (5.6) can be written as 



Sk.a'^l 


I 

and hence by (2.9), 

(5.7) R<=k,u<'5l> = "‘Clc.k-l'-SX * R<'=k-l,u<'5>) 

In [17] van Eupen has constructed a [29,5,18] ternary code C 
with two equal coordinates. A generator matrix for C can be 
written in the form 



Then the matrix G' generates a [27, 4, 18] code C' and d(x, C' ) = 

16. Therefore R(C') & 16. Since any [27,4,18] code is equivalent 
to C. .,(3), R(C. -(3)) fc 16, Thus by inequality (5.7), we have 

Theorem 5.12. R(C^ 3 ( 3 )) a 16 and '*■ ‘ 

Theorem 5.13. R(C 3 ^(q)) a q^- 3. 

Proof. Let A be a [q^+ 1, 4, q^- q] code with two nonzero weights 
q^-q and q^ [ 8 ] . Without loss of generality we can choose a 
generator matrix of the form 


2 

where x, x^ , yi" e . Let B be a [q+1, 3 , q—1] code guarantee' 

by Proposition 2.18. A generator matrix of B is of the form 






1 

y 


(5.8) 


0 

y' 




0 

r J 


where y, y' , y" e . 

q 

Then the 

matrix 



X' 


y' 

- 

G = 

x" 


Y" 



_ 1 1 . . . 

1 

0 . . 

■ 0 _ 

2 

generates a [q + q, 3 

2 

, q - ll code 

C and 

d ( (x. 


_ , C) = - 3. 

Since any code with these parameters is equivalent to (q) , 

R(C2 1 5 3 . 


5-B.2 Upper Bounds on R(C)t^u(q))« 


The code (q) is a code that meets Griesmer bound. Hence 

(5.9) R(Cj^^^(q)) ^ - q'^"^ - 1. 

Multiplying columns of Gj^ ^(q) by suitable nonzero elements 

of F , we find that C, (q) is equivalent to the code generated 
q ' K,u 

by the matrix. 


k-1 ^ 

<- q 

1 1 . . .1 


0 0 




Hence by (2.18), R(Cj^^(q)) iq^‘^(q-l) + , u 

this (k-m) -times, u < m s k-1 we get 


R(Cj^ " q^"^(q-l) + q^~^ (q-l) +...+ q"'"^{q-l) + R(C^^^(q) 



Therefore 


(5.10) - 1) . R,c (q) ) 

m, u ^ 

In particu.lar .if m == u + 1 , we have 

(5.11) 

In CcifoO u - 3 , Lhe following theoretn improves the bound given by 
(5.9). 

Theorem 5.14. (q) ) s q^"^- 2 for u s 3 . 

Proof. Since is an optimal code, ^ - q'^ - 

q’^ ^-1 . If ^ ^ ^ = q^" q^ l/ then there exists y e , 

n - (q^''- q") / (q-1) , with d{y,C^_^^ ~ matrix 


y 

1 

°u^l,u'5) 

0 


generates a [q'^+l, u+2, q^-q'^ code C. Let 1 s i s 1 and 

let w •= q^'-q^“^ + i. If * 0, then by Proposition 2.9, Res(C,w) 

is a [q^'"^ + 1 - i, u+1, q^"^(q-l) +['^1-i] code. Hence by (2.4), 

''d 


. I pq'^-^(q-l) - ri(q-ll/ 3l I 
j=0 q-* 


, V (q“-^ (q-1) - ^ = 

“ j=o q-' 


s q'^'^ +1 - i + 1/q^ 

a contradiction. Therefore possible nonzero weights in C are d 
q“ - q""^, n - 1 and n = q** + !■ By Proposition 2.5, = 0 



The MacWilliamc identities (2.3) give 


''d + An - - 1 


, u- 1 , , 

(q +1)A, + A , 
d n-1 


/ u+l . 

= (q -l)n 




(q^-l)n(n-l) /2 


Solving these equations we get = (q-1) (l-q^~2) / (g^- 1 + ^ 

If ^ then A^ < 0, a contradiction. Thus for u a 3 , 

^ 1. , u ^ "q ■ 2. Substituting this in (5.11) we proved.* 


tis ina 


5.14 and Theorem 5.12, we get immediately 


Corollary 5.4. R(C,, .,(3)) = 16. 

'''' f ..5 


Tlni!; briund given by Theorem 5.14 is best possible. 


Theorem 5.15. K{(1^ 1 ^ 

2 

Proof . Suppose ^ (q) ) = q - 2. Then there exists x e 

2 

such that dix.C^ 1 ^^^^ ” ^ - 2 . So the matrix 


2 

pq +q 
q 


G 


X 

S, 1 


qenej-at eo. a tq'’ ♦ q, 4, q^- 2] code. But by Theorem 4.4, such a 

code does not exist. Therefore RCC^ ^ (q) ) ^ q^- 3 and hence by 

2 

Theorem 5.13, R(C.^ 1 ^*^^^ " ^ 

Using inequality (5.10) and Theorem 5.15, we get the 
following improvement 

Corollary 5.5. - 3 for k a 3 . 

2 

Theorem S.16. i q(q -1) - 2. 



0 3 2 

Proof . Suppose R(C, (q) ) = q(q^-l)-l. Then there is a x e +<3 

** I q 

with d(x, = q(q^- 1) - 1. The matrix 


1 

X 

0 

_ 0 



2 2 

generates a [q (q+1) +1, 5, q (q -1)] code C. So by Proposition 2.9, 

2 2 

a [q +q+l, 4, q - 1] code exists, but by Theorem 4.4 such a code 
does not exist. This proves the Theorem.* 

By inequality (5.10) and Theorem 5.16, we have 

Corollary 5.6. R(Cj^ 2 ^ “ q^~^ - q - 2 for k £ 4. 

Since n (4,q^-q) = q^+1 [8] and n (3,q^-q) = q^ , b (3,q^- q) 

^ H ri 

2 2 

= 1. Therefore by Proposition 2.14, there exists a [q , 3, q -q] 

2 

code with covering radius q - q - 1. Since any code with these 

parameters is equivalent to the MacDonald code 

equivalent code have same covering radius, we have the following 

Theorem S.17. 2 ^^^^ - ^ " q " 1- 

Let q = 3. By inequality (5.10), Corollary 5.6 and Theorem 

5.17 we have 21 ^ R(C^ 2^^^^ " Theorem 5.8, R(C^ ^(3)) a 

29 

23. If R(C. - (3)) a 24, then there is a x e such that d (x, 

C (3) ) = 24. Then the matrix 
4 , 1 


1 1 

X 

0 



generates a [41,5,26] ternary code, a contradiction to n2(5,26) = 



42 [33] . This proves 


Theorem 5.18. R(C^ (3)) =23 and 21 :s R(C. _(3)) ^ 22. 

By inequality (5.10) and Theorem 5.18, we get the following 
improvement of Corollary 5 . 5 

Corollary 5.7. R(Cj^ ^(3)) £ 3^~^- 4 for k a 4. 

Using Theorem 5.14, Corollaries 5.5 and 5.6, we get the 
following improvement to (5.9) 

(5.12) 2 for k s 4. 

Theorem 5.19. ng(k+l,q^“^-q^'^) & g^ (k+1 , q^"^-q^“^) + 1 for k a 4 . 
Proof. Suppose ng(k+l,q^“^- q^"^) = gg(k+l,q^”^- q^"^) for k a 4, 
Then b (k,q^"^-q^“^) = 1 because n (k,q^“^-q^"^) = (q^-q'^) / (q- 1 ) . 

SI T, 

Therefore by Proposition 2.14, there is a 

[ (q^-q^) / (q-1) , k, q^"^-q'^"^] code with covering radius q^”^-q^”^-l 
for ki4 , a contradiction to the inequality (5.12). Hence proved.! 

Since C. „(4) is a [80, 4, 60] quaternary code, by Theorem 

4 ! A 

4.10, b^(4,60) £ 2. Therefore by Proposition 2.14, R(C^ - 

Ir _ T 

58 and hence by the inequality (5.10), R(Cj^ ^{4=)) i - 6. 

Using MacDonald code we .can give another lower bound to 
Simplex code. The generator matrix of S]^(q) is equivalent to the 
matrix 


G 


0 . . . 0 

Gj,_l(q) 


°k,k-l 


(q) 


Then 



(5.13) 


R(Sj^(q)) a R(S^_^(g)) + R (Cj^^ (q) ) 

This bound is better than the bound given by Theorem 5.6. For 

example, by Theorem 5.2 and Theorem 5.17, the inequality (5.13) 

2 2 

gives R(S 2 (q)) 2:q-2 + q - q- l = q- 3 for q odd but the 

2 

Theorem 5.6 gives R(S 2 (q)) st q - 2q + 1 for q odd. Definitely the 
bound given by (5.13) is better than the bound given by Theorem 
5 . 6 provided we know the covering radius of MacDonald code . 
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